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IV. Introduction 



This paper, together with [FKTfl] and [FKTfS] provides a construction of a two 
dimensional Fermi hquid at zero temperature. It contains Sections IV through X and Ap- 
pendix B. Sections I through III and Appendix A are in [FKTfl] and Sections XI through 
XV and Appendices C and D are in [FKTfS]. Cumulative notation tables are provided at 
the end of each part. The main goal of this part is the proof of convergence of the Green's 
functions stated in Theorem 1.4. In the proof of this theorem, which follows the statement of 
Theorem VIII. 5, we compare Q^{(j),4>) with a generating functional 0) constructed by- 

iterating a renormalization group map j times for some j- — 2<j<j-. See also §111. To aid in 
the derivation of bounds on the renormalization group map, we fix a scale parameter M that 
is sufficiently big (depending on the dispersion relation e(k) and the ultraviolet cutofi^ t/(k)). 
This M is used throughout the rest of this paper, with the exception of the proof of Theorem 
1.4 from Theorem VIII. 5, where we also explain that fixing M gives no loss of generality. 
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V. The First Scales 



In §111, we outlined the algebraic aspects of our strategy for proving Theorem 1.4. To 
state and prove the convergence of Sej{0) and Gj{(f), 0), we clearly have to introduce norms for 
these and various related objects. There are at least two places where control over derivatives 
will be needed. The analog. Lemma IX. 7, of the formal power series Lemma III. 11 will involve 
an application of the implicit function theorem and will require control of derivatives with 
respect to K. Secondly, we need to control the size of ■u((A;o, k); K) in a neighbourhood 
of the Fermi surface when ko ^ 0, using the fact that this quantity is small when ko = 0. 
This is done using the A;o-derivatives. For this reason we shall also control momentum space 
derivatives, through position space decay, of quantities appearing in the strategy outlined in 
the last section. The following notation is convenient to keep track of the effect of the chain 
rule and Leibniz's rule in the estimates of derivatives (see [FKTol, §11]). 

Definition V.l (Decay operators) 

i) Recall that, for a multiindex 6, x = {xq, x, a), x' — {xq, x', ct') G IR x IR'^ x {|, J,}, 

(x - x'Y = {xo - x'oY" (xi - xO'^i • • • (xd - ^'aY" 
If e = {x, a), = (x', a') e B, we define (^ - ^'Y = (x - x'Y . 

ii) Let n be a positive integer. For a function f{Ci,---,Cn) on B^, a multiindex 6, and 
i ^ h j ^ n; i j set 

^^L/(6,---,U = (6-ei)'/(6,---,U 

A decay operator T> on the set of functions on is an operator of the form 

with multiindices S^^\ ■ ■ ■ , 5^'^^ and 1 < Uj,Vj < n, Uj ^ Vj. The indices Uj,Vj are called 
variable indices. The total order of V is 

6(V) = 5(1) + ■ • ■ + 6^^^ 

In a similar way, we define the action of a decay operator on the set of functions on (IR x M'^) " 
or on (HxIR^ X 
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Definition V.2 



i) On IR-i- U {00} = |xGlR|a:>0}u {+00}, addition and the total ordering < are defined 
in the standard way. With the convention that • 00 = 00, multiphcation is also defined in 
the standard way. 

ii) Let d>0. The {d+ l)-dimensional norm domain Ol^+i is the set of all formal power series 

in the variables to^ti, ■ ■ ■ ,td with coefficients Xs G 1R+ U {00}. To shorten notation, we 
set = tQ"tf^ ' ' '4''- Addition and partial ordering on ^d+i are defined componentwise. 
Multiplication is defined by 

{x-x')s= E 

The max and min of two elements of ^d+i are again defined componentwise. 

We identify 1R+ U {00} with the set of aU X e ^d+i having = for aU 5 ^ = (0, • • • , 0). 

If a > 0, Xq 00 and a — Xq > then (a — X)~^ is defined as 



00 

-- n 



n=0 

For an element X = X^^eiNoxiNr'^ of ^d+i and < j < d the formal derivative ^X is 

defined as 

JelSToXlN^ 

where is the j^^ unit vector, 
iii) For j > we set 



l«l<, 

l'5ol<' 

and for X e ^d+i with Xq < 



\S\<r \S\>r 
l'5ol<''0 °'' l'5ol>''0 



■M3X 



Definition V.3 For a function / on B"^ x we define the (scalar valued) Li-Loo-norm as 

max sup / n d^j\f{^i,---,^n)\ if m = 

l<Jo<n f,- eS 7 = 1, 



1,00 — 



sup / n c^Cj 1/(^1, •••,^m; Cir--,Cn)| ifmy^O 



and the {d+ l)-dimensional L\-L^ seminorm 

E li(....s-„.Jii^/iii'.~)*' if™ = » 



1,00 if m 7^ 

Here |||/|||i,oo stands for the formal power series with constant coefficient |||/|||i,oo and all 
other coefficients zero and J g{^) — S(je{o 1} Sct€{T 1} -f ^-^o^^x g{{xo, x, a, a)). 

Given a function on momentum space, we apply the above norms using the 

Notation V.4 If x(/c) is a function on IR x IR*^, we define the Fourier transform x by 

for ^ = (x, a) — {xq, X, cr, a), ^' = {x' , a') — {xq, x', a', a') G 
Remark V.5 

i) Let V{xi, X2, X3, X4) be an interaction kernel as in Theorem 1.4 and define, by abuse of 
notation, the function V on B'^ by 

F((a:i,&i),(x2,62),(x3,63),(a:4,b4)) = 56^,1562,0^63,1^64,0 ^(^1, ^2, X3, X4) 

Then the hypothesis of Theorem 1.4 is equivalent to ||V^||i,oo < £Co for some sufficiently 
small e. 

ii) The constants Cj will be used to describe the behaviour of momentum space derivatives of 
the covariance C^^\ The quantities tj{X) arc used in bounding the differentiability properties 
of various kernels depending on a countcrtcrm whose norm is bounded by X. This allows us 
to take into account the fact that the characteristics, as regards both size and smoothness, 
of counterterms are very different from the characteristics of kernels built purely from C^^'^ 
and various smooth functions. The characteristics of the counterterms are a consequence of 
their construction from various C'^-^ -''s, including those with j' ^ j. As j' increases, the 
contribution to the counterterm from C^^ -* becomes smaller and smaller, and more and more 
concentrated near the Fermi surface, but less and less smooth. 

We also wish to use our norms to control the coupling constant dependence of various 
kernels. This is done using 
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Definition V.6 Fix < v < |. Set, for a coupling constant < A < 1, 

1 [- ^-(l-^;)(m+n-2)/2 jf ^ + ^ > 4 

Pm;n(A) — 



\ (1 — max|m+n— 2,2}/2 1 \— (-[—.,,) , c\ 

Ay ) \ ^ ^ SI \\ y^ ^1 ifm + n = 2 

Remark V.7 The exponent of Definition V.6 is motivated by the following considerations. 
For this discussion, introduce a coupling constant A and replace V(V') by AV(V')- 

The exponent of the initial generating functional contains, aside from the countert- 
erm, two vertices with i\) fields. One, AV(V'), has four i^j fields and is proportional to the 
coupling constant A. The other, has one V' field, one field and is independent of A. 
Consider any connected graph G with m external legs, n external t/^ legs, v > 1 of the 
AV(V') vertices and m of the vertices. Since the field is always external, G must have 
precisely m vertices to have m external legs. The graph has '^'^+^"^~("^+"-) internal lines. 
To be connected, G must have at least v + m — 1 internal lines, so that 

4v+2m— (m+n) ^ , -i . \ 2 

— 2 > V + m — 1 =^ V > 

Thus G is proportional to A^ with 

v>max{2^i^^,l} 

We set aside A"™*^^^"*"^""^'^^/^, which we bound by A""^/^^ to achieve good inductive be- 
haviour, i.e. to control various constants that arise in the course of the expansion. Ultimately, 
we choose a maximum allowed coupling constant Aq, rename —^jt<s = cio and consider |A| < Aq 
and a > ctQ. Then, our bound on the m (fy-legged, n •0-legged part of the effective interaction 
will be proportional to 

1 \ (l-v) max{m-|-n-2,2}/2 

We now further explain the phrase "good inductive behaviour" used in the last 
paragraph. Consider, more generally, a connected graph G with m external legs, n external 
legs, rh of the tpc/) vertices and v > 1 other vertices. Suppose that the i^^ other vertex has 
rrii 0-legs and rii ip-\egs. The number ^» (mj+nj )+2m- (m+n) ^£ ^j^^gp^g^^ ^^j^gg must be at least 

V + m — 1 so 



'Ei{mi+ni)+2m-{m+n) > ^ _j_ ^ _ ^ =^ mi+ni-2 ^ m+n-2 

As V > 1 



^maxj^^^i^^,!} > max{^^^^^,l} 
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We thus have 

V 

a ^ 1 I I g ' 

, (1 — I)) max{r7i + n — 2,2}/2 — Q,Enj— n II ( 1 — ) max{ m j +n j — 2 , 2 } /2 

'^O ■ ^ ^0 

1=1 

The small factors are available for controlling various constants that arise in the course 

of the expansion. Observe that, as m = m + Emj and m < En^ — n, the number of internal 
lines of G, ^^(^^+^0+2m-(m+n) bounded by En^ - n. 



We choose an arbitrary but fixed scale, jo > 2, and integrate the first scales, between 
1 and jo, in one fell swoop. 

Theorem V.8 There are (M and jo-dependent) constants jji, A and (3o such that, for all 

A < A and (3o < (3 < ^-1775-, the following holds: 

Let X e ^d+i with Xq < jjL, 5e & £ with ||5e||i^oo ^ ^ o-'f^d 



V(V') = / d|i-d^4F(6,-,44)V'(6)---V'(6) 



with an antisymmetric function V fulfilling 

||^||i,oo < Aeo(X) 

Write 

— 5e 

+ J2 dm---dr;,„ d6---d4« W'^,n(r;i,---,r;m,6,---,^«; (^e) 0(?7i) • • -0(77^) V'C^) • • 

m.,n>0 J j^rn+n 
m-{-n even 

with kernels Wm,n that are separately antisymmetric under permutations of their rj and ^ 
arguments. Then 



E /3"Pm;n(A) \\Wm,n{^e)\\i,^ < const /J^A^ eo(X) 

rr 
m- 

and 



+ > 2 
m-\-n even 



E /3>m;n(A)||^l^^,n(<^e + s5e')|,^J|i^ <const/3^A-eo(X) ||5e'||i, 



m+ri>2 
m+rt even 



Furthermore, each Wm,n is jointly analytic^^^ in V and Se. If V fulfills the reality condition 
of (I.l) and (5e(k) is real valued, then fi^(<jo) (V(i/'))(0, V') is ko-reversal real, in the sense of 
Definition B.l.R of [FKToBj. 



As in the discussion leading up to Theorem 1.4, the Wm,n's are initially defined as formal Taylor 
series in V . The conclusions of the Theorem implicitly include the convergence of the formal Taylor 
series for V obeying ||y||i,oo < Aeo(^) and 5e obeying ||5e||i,oo < X- 
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Proof: Apply Theorem VIII. 6 of [FKTo2] with pm,n = Pm;n{^) and s = const f3^\^ . Observe 
that, by Remark VIII.T.iii of [FKTo2], the hypotheses on Prn;n are fulfilled. If A is chosen small 
enough, then the hypothesis e < Sq is also fulfiUed.The reality statement is a consequence of 
Remark B.5 of [FKTo2]. 



In Theorem V.8, we integrated out the part of the field '4> with covariance 
To recover the full, infrared cutoff covariance C^^'^^^ of Theorem 1.4, we must also integrate 
out the part of the field with covariance 



Lemma V.9 Let j- > jo + 2 be an infrared cutoff. For |||V|||i,oo and |||5e|||i,oo sufficiently 
small 

— 5e \ —6e ' 



Proof: We just apply the semi-group property (HI. 4) using 
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VI. Sectors and Sectorized Norms 



From now on we consider only d = 2, so that the Fermi "surface" is a curve in 
JR X JR^. We choose a projection ttf from the first extended neighbourhood onto the Fermi 
surface. 

Convention: Generic constants that depend only on the dispersion relation e(k) and the 
ultraviolet cutoff U{]<.) will be denoted by const" . Generic constant that may also depend on 
the scale parameter M, but still not on the scale j, will be denoted "const". 
To systematically deal with Fourier transforms, we call 

i3 = IRxIR^x {T,i}x{0,l} 

"momentum space". For ^ = {k, a', a') — {ko, k, a' , a') e B and ^ = {x, a) — {xq, x, a,a) & B 
we define the inner product 

= S^',aSa',a{-iT = ,Ja' ,a {-^T { - koXQ + k^Xi + ■ ■ ■ + kdXd) 

"characters" 
and integrals 

dC- = J2 f dxod'^x ■ [ - = J2 [ ^'^^ ■ 

<Te{T,i} <Te{T,i} 

For ^ = {k, a, a), ^' = {k' , a', a') e B we set 

e + f = (-1)'' k + (-1)'*' k' e H X H'' 

Definition VI. 1 (Fourier transforms) Let f{vi,---,Vm;^i,---,^n) be a translation invariant 
function on B'^ x B". The total Fourier transform / of / is defined by 

firn,-,Vm;ii,-,L) (27r)'^+^5(i7i+---+j?^+6+---+4) 

/m n ^ 



or, equivalently, by 

i=l j=l 

f is defined on the set { (?7i,---,??rr.; 6, •••,!«) e B"^ x B"- \ r?i+---+i7^+|i+---+$'„=o }. 

If m = 0, n = 2 and f{Ci,^2) conserves particle number and is spin independent and 
antisymmetric, we define f{k) by 

f{{k,a,l),{k,a',0)) = da,a'f{k) 



We now introduce sectors. 

Definition VI. 2 (Sectors and sectorizations) 

i) Let / be an interval on the Fermi surface F and j >2. Then 

s = { /c in the j*^ neighbourhood | 7ri?(A;) G / } 

is called a sector of length |/| at scale j. Two different sectors s and s' are called neighbours 
if s'r]s^$. 

ii) If s is a sector at scale j, its extension is 

s = { A; in the j^^ extended neighbourhood \ TTpik) & s } 

iii) A sectorization of length I at scale j is a set E of sectors of length [ at scale j that obeys 

- the set E of sectors covers the Fermi surface 

- each sector in E has precisely two neighbours in E, one to its left and one to its 
right 

- if s, s' e E are neighbours then jq^ < \s (1 s' (1 F\ < |[ 
Observe that there are at most 21ength(F)/I sectors in E. 




9 



Definition VI.3 (Sectorized representatives) Let E be a sectorization at scale j, and 
let m, n > 0. 

i) The antisymmetrization of a function (p on B"^ x (i3 x S)" is 

Ant<^(r7l,---,r7^; (^l,Sl),---,(^„,S„)) = ^ <^(»?7r(l) .•••,»?7r(m) ; (^,r'(l) .«7r'(l))'-".(^7r'(n) .«7r'(n) )) 

ii) Denote by J-m{n; S) the space of all translation invariant, complex valued functions 

on B"^ X (B X E)"' that are antisymmetric in their external (= r/) variables and whose Fourier 
transform '^{iii,---,iim; iii,si),---,iCn,Sn)) vanishes unless ki e 5j for all 1 < j < n. Here, = 

iii) Let / be a translation invariant, complex valued function on B"^ x B^ that is antisymmetric 
in its first m variables. A E-sectorized representative for / is a function (p e J-m{P''t obeying 

i=l, ■• ■ ,n 

for all = {ki, ai, ai) with fcj in the j*^ neighbourhood. 

iv) Let tt((^,s), (^',s')) be a translation invariant, spin independent, particle number conserving 
function on [B x E)^. We define u{k) by 

Sa,a'U{k) = ^ w((fc,(T,l,s), (fc,a',0,s')) 
s,s'eE 

We now fix a constant | < b!; < |, and for each scale j > 2, a sectorization Ej of 
length Ij = Also, we fix for each j > 2, a system Xs(^), s e E^ of functions that take 

values in [0, 1] such that 

i) Xs is supported in the extended sector s and 

J2 Xs (k) = 1 for A; in the j^^ neighbourhood 

ii) 

||Xs||l,oo, < constCj-i 

with a constant const that does not depend M, j, or s. The existence of such a "parti- 
tion of unity" is shown in Lemma XILS of [FKTo3]. They are used to construct sectorized 
representatives. 
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Definition VI.4 Let j,i > 2. If i ^ j, define, for functions (p on X X Ei)"" and / on 
X (B X Ei^, 

s'^,-,s'^eT.J £=1 
hj{vi,---,Vm;{^i,si),--,{^u,Sr,)) = E / d^[---dCf{vi,---,Vm;{^[,s[),--,iCK)) Yl Xse{^£, ^£) 

s[,-,s'^ei:iJ £=1 

If is antisymmetric under permutation of its rj arguments, then (fi-^. e J-m{n, Sj). For i = j 

define ip^^ = ip and f^.^ = /• 

Similarly, define, for functions (p on B'^ x and / on x B"^, 

V'E,('7i,---,'7m;(Ci,si),--,($n,s„)) = / dei-'dC ¥'('71. •••,'7m;$i,---,C) ]\Xst{i'£,i£) 

J £=1 

/Ej(»7i,---,'7m; (Ci,si),---,(^«,s„)) = / d^[---d^'„ f{rii,---,rim;^[,---,C) H Xse{^£i^£) 

J £=1 

They are -sectorized representatives for (p resp. /. 

Definition VI. 5 Let j > 2 be a scale. We consider fermionic fields ^(r/), r] E B and ip{i,s), 
i) A Sj- sectorized Grassmann function is of the form 

/m n 
n^^. n 



W = 

m, _ _ 

(VI.1) 



ii) Let 

/m n 
n dr]i n c/^j Wm,n('7i,-,^.™;$i,-,C..)0('7i)---</>('?^) 
i=l J=l 

be a Grassmann function with each Wm,n a function on B'^ x B" that is separately antisym- 
metric in its external (= 0) variables and in its internal (= V') variables. A S^— sectorized 
representative for W is a Ej -sectorized Grassmann function of the form (VLl), where, for 
each m, n, Wm,n is a Ej— sectorized representative for Wm,n that is also antisymmetric in the 
variables (Ci, si), • • • , (Cn, Sn). 

Definition VI. 6 (Norms for sectorized functions) Let j > 2 and m, n > 0. 

i) For a function p) on B^ x (B x and an integer p > we define the seminorm \ip\p ^, 
to be zero if m > 1, p > 2 or if m = 0, p > n. 
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In the case m > 1, p = 1 we set 

I'/'IpE-— \\v{vi,---,Vm;{il,Sl),---,{^n,Sn))\\l^c>0 

In the case m = 0, p < n we set 

\(pLj^. = max max ||<yf ((a,si),--,(^n,Sn))||i,c 



^1 l<ii<---<ip<n Sii,---,SipeS, 



In both cases, the || • ||i^oo norm apphes to all the position space variables. 

ii) We shall fix a Aq > 0, sufficiently small depending on jo and the scale parameter M. For 
G Tmip,-, Sj) set 

, , f + U IV'Is.E, + F l<^l5,E, if = 

I IPJ l^'li.s, if m ^ 



where 

0) / ^ if m = 

Pm;n = Pm;n = max{m+n-2,2}/2 | ^pfj if m > 

and V was fixed in Definition V.6. 

Definition VI. 7 (Norms for sectorized Grassmann functions) 

i) A Ej-sectorized Grassmann function w can be uniquely written in the form 

m,n si,---,s„eEj- J 

4){m) ■ ■ ■ 4>{r]^) 1p{{Ci,si)) ■ ■ ■ ?/'((^„,s„) ) 

with Wm,n antisymmetric separately in the r] and in the ^ variables. Set, as in Definition 
XV. 1 of [FKTo3], for a > and X G ma+i, 

m,n>0 

The constant b depends on M, but not j and was specified in Definition XV. 1 of [FKTo3]. 

ii) A Grassmann function Q{4)) can be uniquely written in the form 

m J 

with Gm antisymmetric. Set 

^{^) — S ,(l-i<)mai{m-2,2}/2 |||G^m|||oO 

m>0 -^0 

where |||G^|||oo = sup^^^...^^^ |G^(r,i,--,r;^) | . 
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Remark VI. 8 



i) The system p = {pm;n) of Definition VL6.n fulfill the inequalities (XV.l) of [FKTo3]. 

ii) If w{(f), V') is a S^— sectorized Grassmann function, then 

N{w{(l>,0))<^^N,{w,a, X) 

for all a and X e ^d+i- 

iii) The j independent part of the coefficient of ,^1^^ ^-^ in Nj{w,a,X) is, up to a factor 
of b"^/^, equal to max^m+n-2 2}/2 • Tfils cholcc was motivated in Remark V.7. 

iv) If Nj{wj a, X)o < 1, then, up to ^^^o C'ot'^, 

^MJ(t-2) ifTO=0 

1 ,'Mi^V2 if /Q 



The case m = was motivated in (11.11). Next consider the case that m + n = A, m,n > 1 
and Wm,n is the coefficient of 0"^'^'^ in V{(f) + ip). Then, allowing a full sector sum for each 
leg, |||T^|||i,oo < implies that |iym,nli ~ ^('f)' which is a tighter bound than (VI.2). 
An argument similar to that in subsection 8 of §11 may also be used to show that if w'^ ,^ is 
a graph with vertices obeying (VI.2), then w!^ ,^ obeys a bound of the same order as (VI.2). 

We now define the space of functions from which the various counterterm kernels 
will be chosen, using the concepts in Definition E.3 of [FKTo4]. 



Definition VI.9 Let be the space of all translation invariant, sectorized functions 
K((x, s), (x', s')) on (IR^ X Sj)^ for which 

i) <Aj--^ + E,^o~*' 

ii) the Fourier transform -^(k) is supported on supp ((0, k)) 

The counterterm K is said to be real if, for each s,s' e E^, the Fourier transform 
K((k, s), (k',s')) is real valued. 

Remark VI.IO If K e Kj, then K-s._^ e To see this, observe that, by Lemma XIX. 4 

of [FKTo4], 

||-f^E,_i||l,E,_i < const^Cj_2 11-^11 1,E,- < const^-^Xl~'' + OOt^ < ^l'"" ^ + ^'^^ 

if M is large enough. 
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Remark. The final counterterm 6e(k.) will be constructed in Theorem VIII. 5 using bounds 
proven in Lemma X.l. 



As in Definition III. 5, Remark III. 7 and Lemma V.9, we have the following covariances. 
Definition VI. 11 

(i) Let u{(^,s), ($',«')) be a translation invariant, spin independent, particle number con- 
serving function on {B x S^)^. Then 



iko — e(k) — u{k) 



iko ~ e(k) — u{k) 

__iM^k)^jM^\k)__ 

iko-e{\i)-u{k)[l-vi>^){k)] 



(ii) Let tt be a function from to the space of antisymmetric, translation invariant, 
spin independent, particle number conserving functions on (B x S^)^. Then, for 

K e Rj, 

Cj{u;K){k) 



ifco-e(k)-M(fc;K)-K(k)i/(>J+2)(A;) 



D.(vK)(k) - i^^^'+'Hk) 

(iii) Let Ci'\^,^'), Ct'\^,e), D^{u;K){^,^') and Cj{u; K){^, be their 

Fourier transforms as in (III.l) and (III. 2). 

To start the recursive construction of the Green's functions, we reformulate Theorem V.8 in 
terms of sectorized objects. 

Theorem VI. 12 For K e set 

u{K) = -[K,^,]^^^ G^o(2,S,-J 

where JCext was defined in Definition E.3 of [FKTo4f^^ ■ Then there exist constants A, a > 
such that for all < Xq < X, a < a < J/^q and all 

i^e% ||V^||i,oo<Aoe,„(||K||i,E,J 



(1) By Remark E.4.i of [FKTo4], under this definition, i^ext ((fco, k)) = i^(k). 
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the Grassmann function 

has a -sectorized representative 

m,n si,---,s„eEjQ J 

with Wm,n antisymmetric separately in the rj and in the ^ variables, wq^q = and 

N,, {w{K), a, ||K||i,E,J < const a^A^ (||i^||i,E,J 

for all K' . w is analytic in V and K.IfV fulfills the reality condition of (I.l) and K is real, 
then w{(f),i(^; K) is ko-reversal real, in the sense of Definition B.l.R of [FKTo2]. 



Proof: Write 

.(<Jo) 



^^clf^o) (V(^))(0, V) = Vii;) + '^<f>JClj^]^J<l> 

+ dvi---drim dii---d^„Wm,n{vi---Vm,ii,---,U)4){vi)---(p{Vm)'ip{ii)---i^{in) 

m,n>0 J Qrn+n 



m-\-n even 

ctnd set 

{Wm,n)^. if (m,n)^ (0,4) 



■"JO 



{Wo,4 + V)^ if (m,n) = (0,4) 
using the sectorization of Definition XIX. 14 of [FKTo4] . By Proposition XIX. 15 of [FKTo4] 
Ar,„(^K),a,||K|K,E,J = ^e,„(||K||i,E,J E «^ km,nU 

m,n>0 

< const tjg (||i^||i,E,J T^||V||i,oo+ E (const 

'-'^0 m,n>0 

since pH'-n < const p,n;,t(Ao). By hypothesis 



11*^ 111,00 < a^Xotjoi\\K\\i^j: ) 



II- ii±,u>j _ - -u -JO vm^ II J-,^jo 

and by Theorem V.8, with 5e = — tt, X = const HKHi.Ejq and /? = const a, 

E (consta)"p^;n(Ao) ||W^m,n||i,oo < const /?3A^eo(X) < const a^^^ e,,, (||K||i,e,J 

m,n>0 

Therefore, by Corollary A.5.ii of [FKTol], 

.2 

^jo/ — "U 'JO 'JO \\\" \\J-,-^jo, 



Nj,{w{Kla, ||K||i,E,J < const a^A^ c,., e,, (||K||i,e,J^ 

< const a^A^e,3(||K||i,E,J 
The proof of the bound on Nj^ (^^w{K + sK')\^^^, a, \\K\\i^j:.^^ is similar. 
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VII. Ladders 



In naive power counting for our model, four-legged vertices are neutral. So there is 
a danger that the size of four legged kernels after j steps of the renormalization group flow 
is of order j. We shall show that this logarithmic divergence does not occur. More precisely, 
let (W, u, Q) e Dj^-* be an input datum before integrating out the j-th scale (see Definition 
IX. 1) and let (W' ,Q,u,p) = f2j(W, ^, ■u,p) be the result of integrating out scale j. Assume 
that (W, ^,tt,p) is bounded - the precise hypothesis is given in Definition IX. 1. We shall 
show that the norm of the four point part of W' does not exceed the norm of the four point 
part of W by more than ^^§f- with constants e, const independent of j. Most contributions 
to the four point part of W' — W are controlled using "overlapping loops" , see [FKTr2] . The 
only exceptions are ladders. A ladder consists of a sequence of four legged kernel "rungs" 
connected by pairs of propagators. 




For a formal definition, see §XIV of [FKTo3]. Taking creation and annihilation indices into 
account, such a ladder is either a "particle-particle ladder" 




or a "particle-hole ladder" 



The strong asymmetry of the Fermi curve (see Definition 1. 10) allows us to bound 
particle-particle ladders of scale j by ^^fj ■ This estimate is stated precisely in Proposition 
VII. 6 below and proven in Theorem XXIL8 of [FKTo4]. This is in contrast to the case of a 
symmetric Fermi curve, where the particle-particle ladders generate the Cooper instability 
(see [FW, Chapter 10], [FMRT, §4]). The main estimates on particle-hole ladders are stated 
in Theorem VII. 8 below. They are proven in [FKTl] for arbitrary strictly convex Fermi 
curves. 

Before we formulate the estimates on particle-hole and particle-particle ladders 
we give a precise definition of ladders. To treat "undirected ladders" , particle-particle and 
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particle-hole ladders with or without spin and with or without external momenta simultane- 
ously, we first work over arbitrary measure spaces, like, for example, IRxH^ or HxH^ x {f, 1} 
or B = IR X IR^ X {t, i} X {0, 1}. See also §XIV of [FKTo3]. 

Definition VII. 1 Let 3£ be a measure space. 

i) A complex valued function on X x X is called a propagator over X. 

ii) A four legged kernel over X is a complex valued function on X^ x X^. We sometimes 
consider it as a bubble propagator over X, graphically depicted by 




or as a rung over X, graphically depicted by 




iii) If A and B are propagators over X then the tensor product 

A® B{xi,X2,X3,X4) = A{xi,Xs)B{x2,X4) 

is a bubble propagator over X. We set 

C(A, B) = A®A + A®B + B®A 

iv) Let F be a four legged kernel over X. The antisymmetrization of F is the four legged 
kernel 

(AntF)(a;i,X2,a;3,X4) = ji sign(7r) a;^(2), a;^(3), a;^(4)) 

7re54 

F is called antisymmetric if F — AntF. 

We will consider ladders with rungs taking values in the measure space S x E, where 
E is a sectorization. As propagators, we will use the unsectorized propagators A = C'^x) 
and B = Dj{u{K); K) of Definition IILG. 

Definition VII. 2 Let X be a measure space and let 5 be a finite set*^-*^^. It is endowed with 
the counting measure. Then X x 5 is also a measure space. 

In practice, S will be a set of sectors and X will be i3 or IR x IR^ x {t, j} or IR x IR^. 
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i) Let P be a propagator over X, f a four legged kernel over X x S and F a function on 
(X X 5)2 X X^. We define 

(/ • P)((a;i,si),(a;2,S2);a;3,a;4) = ^ / dx[dx'2f{{xi,si),{x2,S2),{x[,s[),{x'2,s'2))P{x[,x'2''X3,X4,) 

{F • f){{xi,si),---,{x4,,S4,)) — X] ldx'^dx'2 F((a;i,si),(a;2,S2);a;i,a;2) f {{x\,s\),{x'2,s'2),{x3,S3),{xa,S4.)) 

whenever the integrals are well-defined. Observe that (/ • P) is a function on (X x S)"^ x 
and P • / is a four legged kernel over X x S'. 

ii) Let ^ > 1 , ri, • • • , r^+i rungs over X x S and Pi, • • • , P^ bubble propagators over X. The 
ladder with rungs ri, • • • , r^+i and bubble propagators Pi, • • • , P^ is defined to be 

n • Pi • r2 • P2 • ■ ■ ■ • re • Pi • re+i 

If r is a rung over Xx S and A, B are propagators over X, we define L^(r; A, B) as the ladder 
with £+1 rungs r and £ bubble propagators C{A^ B). 

When we integrate out scale j in our model, the contributions to the four legged 
kernel that are not controlled by "overlapping loops" are antisymmetrizations of ladders that 
are defined over B x where E is a sectorization. Such ladders decompose into particle- 
particle ladders and particle-hole ladders that are defined over smaller spaces that do not 
have creation/annihilation components. 

Definition VII.3 Set i^I = { (a;o,x,(T) | G IR, x e IR^ a G {T, i} } ■ 
If E is a sectorization and z — (x, a,b, s) G B x E, we define its undirected part u{z) G x E 
and its creation/annihilation index b{z) G {0, 1} by u{z) — {x, a, s) and b{z) = b, respectively. 
If z' = {x, a, s) e B^ X T, and b G {0, 1}, we define li,{z') = {x, a,b,s) e B x E. 



Definition VII.4 

i) Let / be a four legged kernel over BxT,. When / is a rung, its particle-particle reduction 
is the four legged kernel over x E given by 

and its particle-hole reduction is 

= /('■o(20.n(4).ti(4)''-o(4)) = 
18 



When / is a bubble propagator, the corresponding reductions are 



pp/(^i,4,4,4) = /(.i(4),ti(4),to(4),.o(4)) 

ii) Let /' be a four legged kernel over xT,. Its particle-particle value is the four legged 
kernel over B xT, given by 

^pp(/')(«l'«2'^3,24) = 56(«i),0^6(22),0^&(z3),l5&(z4),l /' (^^C^l ) ."(22 ) ,"(23 ) ,"(24) ) 
+ <^6(2l),l<^6(22),l<^6(23),0^6(24),0 /' ("(23) ,"(24) ,u(2l ) ,u(22)) 

and its particle-hole value is 

^ph (/')(«! .22,23,24) = (^6(«i),0<^6(22),l<^6(23),l<^6(24),0 /'("(2l),w(22),M(23),u(24)) 
+ <^6(2l),l'^6(22),0'^6(Z3),0'^b(24),l /'(w(22),u(2i),m(24),m(23)) 

— Sb{zi),lSb(z2),oSb(z:i),lSb{z4,),0 /'(^i(22),M(2l), 11(23), 11(24)) 

- <^6(2l),0^6(22),1^6(23),0^6(24),l /' (w(2i),m(22),w(24),w(23)) 

The decomposition of ladders over B into particle-particle and particle-hole ladders 
is given by the following Lemma, whose proof is trivial. 

Lemma VII.5 

i) Let /i, ■ ■ ■ , fi+i be particle number preserving four legged kernels over B xT, that are sepa- 
rately antisymmetric in their first two and their last two arguments. Let Pi, - ■ ■ , Pg be particle 
number preserving bubble propagators over B that satisfy Pi{^i, ^2, Cs, = Pi{C2, Ci, ^4, Cs) 
for i = 1, ■ ■ ■ , £. Then 

(/i.Pi.....P,./,+i)P' = 2^/P'^.P^Pi.....Pi^P,./iV\ 

ii) Let f be an antisymmetric, particle number preserving, four legged kernel over B x T,. 
Then 

/ = ^pp(rP) + ^ph(rt 



We now state the ladder estimates used in the rest of the paper. 
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Proposition VII. 6 Let < A < 2mJ> '^here T2 is the constant of Lemma XIIL6 of 
[FKToS]. Let tt((^,s), (^',s')) £ -^0(2, S^) he an antisymmetric, spin independent, particle 
number conserving function whose Fourier transforms obeys \u{k)\ < \\ikQ — e{k)\ and such 
that \u\^ J., < Acj . Furthermore let f e ^o(4, Sj). Then for all £ > 1 

Mf-^Ci^\Ci^'^'%,^^ < (const c,Y \f\i% 

K,{L,{f;Ci^\ci^^+^^r%^ < (const ° c,)^ 1/^3+^^^ 

if the Fermi curve F is strongly asymmetric in the sense of Definition 1. 10. Here, no is the 
constant of Definition 1. 10. 

Proposition VII. 6 is a special case of Proposition XIV.9. See Remark XIV. 10. 

The first inequality of Proposition VII. 6 is not good enough for the control of the 
four point function, since replacing C-i by Cu would give an additional factor of j". The 
second inequality of Proposition VII. 6 gives estimates for particle-particle ladders at each 
individual scale j that are good enough to be summable over j. Particle-hole ladders do not, 
at least in general, obey such estimates. If they did, they would be continuous in momentum 
space, even after all cutoffs are removed. Therefore, we bound the sum of all particle-hole 
ladders of scales up to j together, making use of cancellations between neighbouring scales. 
Building up such sums of ladders leads to "compound particle-hole ladders" . 

Definition VII.7 Let F = | F^*) | z = 2, 3, • • • } be a family of antisymmetric functions 
in .Fo(4, Ej). Let p = {p^'^\p^^\ ■ ■ ■) be a sequence of antisymmetric, spin independent, 
particle number conserving functions p*^*)((^,s), (?',«')) G J^o(2, S^). We define, recursively on 
< i < cxD, the iterated particle hole (or wrong way) ladders up to scale j, denoted by 

C^^\p,F) , as 

= 

£(^-+i)(p,F) = C^^\p,F)^^ + 2 E (-i)^(i2)^+^L,(«;,-; Cg), C^f +1))^^ 

1=1 

where Uj = J2iZ2 Pi:^ wj = J2i=2^i:^ + |Ant (Vph[C^^\p, F))j . The resectorization 

F)j:. is defined by the natural analog of Definition VI.4. For the details, see Definition 
XIX. 6 of [FKTo4]. 

Observe that C^^\p, F) is a four legged kernel over x and depends only on the com- 

ponents F^'^\ ■ ■ ■ , F^^~^^ of F and p^'^\ ■ ■ ■ ,p^^~'^^ of p. Also observe that wq, C^^\p, F), wi 
and C^'^\p, F) all vanish. 
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When we apply Definition VII. 7, F^*) will be the volume improved part of the 
contribution to the four-point function generated by integrating out scale i. Furthermore, 
will be, roughly speaking, the contribution to the renormalized two-point function at 
K = that is moved into the covariance at scale i. In particular, F^'^^ through F^^°^ and p^^^ 
through p(-?o~^) will be zero. 

The main estimate on iterated particle hole ladders is 

Theorem VII. 8 For every s > there are constants po, const such that the following holds. 
Let F = F^^\ • • •) be a sequence of antisymmetric, spin independent, particle number 

conserving functions F^*) e -^0(4, Sj) andp = {p^'^\p^^\ • • •) be a sequence of antisymmetric, 
spin independent, particle number conserving functions p^'^^ G .Fo(2,Sj). Assume that there 
is p < Po such that for i>2 

< \P^%i:, < ^^^no,k) = 

Then for all j >2 

\Vpi,{C^^\p,F)j:.)l^^, < const p^c,. 

Theorem VII. 8 is a special case of Theorem XIV. 12 in part 3. See Remark XIV. 13. Both The- 
orems are consequences of the estimates on iterated particle hole ladders derived in [FKTl] . 
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VIII. Infrared Limit of Finite Scale Green's Functions 



The nonperturbative construction of the infrared hmit will be similar to the formal 
construction outlined in §111. We first adapt the notion of a formal interaction triple (W, u) 
at scale j of Definition III. 4 to the needs of the nonperturbative construction. The function 
u modifying the covariance at scale j is built up of contributions created at scales up to j — 1. 
To bound u, we keep track of all of these individual contributions. They are encoded in the 
additional datum p of 

Definition VIII. 1 (Interaction Quadruple) An interaction quadruple at scale j is a 
quadruple (W,Q,u,p) that obeys the following conditions. 

o W is a map from the space of counterterms to the space of even, translation 
invariant, spin independent, particle number conserving Grassmann functions in 
and ip, that obeys >V(0, 0, K) = 0. 
o ^ is a map from to the space of even, translation invariant, spin independent, 

particle number conserving Grassmann functions in 0, that obeys ^(0, K) = 0. 
o p = {p^'^\ ■ ■ ■ ,p^^~^^) where each p(*)((^,s), (^',s')) is an antisymmetric, spin indepen- 
dent, particle number conserving function in J^o{2, Ej) that obeys 

|p(^)L^,^<A^-^Q (VIII.l) 

The Fourier transform p^^\k) of p*-*-* is supported in the neighbourhood and 
vanishes at /cq = 0. 

o -u is a map from to the space of antisymmetric, spin independent, particle number 
conserving functions in Tq{2^ Sj). The function u{K) has a decomposition 

u{K) = e'p^'!. + [SuiK) - Kext] ^ , (VIII.2) 

i=2 ^ 

with du{{^,s), (£,' ,s'); K) an antisymmetric function in .7-'o(2, Sj_i) that vanishes at 
ko = and when K = and obeys 

So=ro 

(VIII.3) 

for all K G and all K' . 
The interaction quadruple (W, ^, is said to be real, if W(0, 'i/', -ftT), Q{(p,K), u{K) and 
p^^\ ■ ■ ■ ,p^^~^^ are /cQ-reversal real, in the sense of Definition B.l.R of [FKTo2], for all real 
K e ^j. In particular p^^\—ko, k) = p(*)(/co, k). 
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Remark VIII.2 



(i) We remind the reader that 

The space of counterterms was defined in Definition VI. 9. The extension 
^ext((^, s), (^', s')) of ((x, s), (x', s')) was defined in Definition E.l of [FKTo4]. 
The sector length Ij was fixed after Definition VI. 3, the resectorization p-£. was 
defined in Definition VI. 4, the space J^o{2, Ej) was defined in Definition VI.3.ii and 
the seminorm | ■ |^ was defined in Definition VI. 6. i. 

The decay operator Vf ^ was defined in Definition V.l.ii and the elements Cj and 
tj{X) of the norm domain were defined in Definition V.2.iii. 

(ii) Observe that p is independent of K, so that, in (VIII.2), the only K dependence of u is 
through 5u{K) — -fCext- 

(iii) The representation (VIII.2) of u implies that 

i-i 

u{k; i^) = E P^'\k) + [5u{k; K) - K(k)] 
for k in the j^^ neighbourhood. Bounds on u{K) will be provided in Lemma VIII. 7. 
The relation between counterterms at different scales is formalized in 

Definition VIII. 3 A projective system of counterterms consists of analytic maps 

reui J : /C^+i — ^ ICi+i for jo < i < j 

Sej : ICj+i — > S for jo < j 

such that 

reiij j is the identity map of /Cj+i 

reuj j/ o reuj/ j = reuj^j for jo < i < i' < j 

Sci o leuij = Scj for jo < i < j 

and 

sup Pe,-(K)|||i,oo<A^-" 
||ren,,,(0) - ren,,,-,(0)||^ < A^'^i + 
|||5e,(0)-5e,.(0)|||i,o.<A^"i 

for all jo<i<j< j'- 

A projective system is said to be real if reni^j(i^) is real and 5ej(k; K) is real-valued for all 
i, j and all real K. 
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Remark VIII. 4 For any projective system of counter terms, the sequence 5ej(K)|^^g of 
infrared cutoff counterterms converges in the topology of £. 



We shall prove, in §X, the following bounds on the analogs of the formal interaction triple 



of (III.9). 



Theorem VIII.5 Assume that d= 2, that e(k) fulfills the Hypotheses 1.12 and that the scale 
parameter M has been chosen big enough. Then there exist constants a, A > such that 
for all < Xq < X, a < a < —;7/to the following holds. For each translation invariant, spin 
independent interaction kernel V obeying 

||^||l,oo ^ ^0^0 

there exist 

o a projective system of counterterms (renjj, Sej) 

o a family p — (^p^'^\p^^^ ■■ ■) of functions p^^^ E J-'o{2,'Ei) 

o a family F = [F^'^\ F^^'> ■ ■ ■ ) of antisymmetric kernels 

F^*H(6,si),---,(^4,s4)) e :ro(4,Si) 

such that 



All of this data depends analytically on V. Also, for each scale j > jo there exist Wj, Q^^ and 
Uj, depending analytically on V and K, such that (Wj, Uj, is an interaction 

quadruple at scale j. Furthermore 

(Rl) Wj{K) has a T,j -sectorized representative, 

m,n si,---,s„eSj J 

with Wm,n antisymmetric separately in the rj and in the (^, s) variables, Wm,o = 
for all m > and 

7V,(«;(K),a,||K||i,E,) <e,(||i^||i,E,) 
N,{iwiK + sK%^^,a,\\K\\,,^^)<M^t,{\\K\U,^^ 

for all K e and all K' . w depends analytically on V and K. 
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(R2) The function wo^4{K) has a decomposition 

woAK) = 5F^^+'\K) + E F« + |Ant (v^i.{C^^+'\p, F))) 
with an antisymmetric kernel 5F^^~^^\{^i,si), • • • , ($4,54); K) e ^o(4, S^) such that 
|5F(^+i)(K)|3^^. < + J,M^||i^||i,^Je,-(||i.|U,.^.) forallKeRj 



The particle-hole projector Vph is defined in Definition Vn.4- 
(R3) For each K e ^j, 



N{Qf{K) - \<^JC^^^Uct>) < 4 E jj^^ for all K e 
Let the part of Qj^{K) that is homogeneous of degree two be 



ThcTi 



iG^MK + sK')lJ\\^<MmK'\\^,^^ 



for all K G and all K' . 
(R4) For K e /Cj+2 and K' = Tenjj+i{K) 



N{GT+AK) - \^JC^'+'^J^ - <3f{K')) < ^ 



(R5) For infrared cutoffs ^ > j ' + 2, the generating function of the connected Green's 
functions at scale §■ of Theorem 1. 4, considered as a formal Taylor series in V, 
fulfills 

SM Se,m = K) + log J,.>^,....,.^ ,,^,::;^) 

Uj(K) 

for K e Rj. 

in addition, V satisfies the reality condition of (I.l) then 
o the projective system (reriij, dcj) is real 

o each F^^^ is ko-reversal real, in the sense of Definition B.l.R of [FKTo2] 
o each interaction quadruple (Wj, ^J^, Wj, (p*^',---,p*^~^')) is real 

o for real K , the Tjj-sectorized representative w{(f),ip; K) ofWj{K) is ko-reversal real. 
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Proof of Theorem 1.4 from Theorem VIII. 5: Observe that ^^(</>; Se) depends on M 
and j- only through the combination M*. Hence, for constructing lim Q^{(f);Se), we may, 



^— > + oo 



without loss of generality, use any M > 1 we wish. 

Choose M, a and Aq fulfilling the hypotheses of Theorem VIII. 5. By Remark V.5, 
the conditions on the interaction kernel in Theorems 1.4 and VIII. 5 agree. By Remark VIII. 4, 

Se = lim ^6,(0) 

exists. If V is /co^reversal real, as in (I.l), then 5e(k) is real for all k. By Definition VIII. 3, 

Pe|||i,oo < \\\SeM - Se\\\i,oo < A^^^ 

for all j > jo- By Weierstrass' Theorem, 6e is analytic in V. 

We now show that the sequence ^^^(0) — ^<pJC^-^^ Jcf) is a Cauchy sequence. Let 
j > jo and K' = renjj+i(0). By Definition VIII.3, \\K'\\^ ^ < A^"""^ + ^^^^ oot^. Hence, 
by (R3), (R4) and the Definition VI.T.n of the norm N{g), 

< iv(^f+i(o) - - gf{K')) + N{gf{K') - g^%{K') - gf{^) + ^;|(o)) 

+ Ar(^;|(K')-^?2(0)) 

< -77^+M^'||K'||is. + TT^M-^'||K'||lE. 



< + 



Let 



n 



n=l »=1 

be the limit of the ^^^(0)'s. It is analytic in V . 

We now show that the generating functionals ^^(0) of the connected Green's func- 
tions at scale j also converge to ^(0). Let ^ > jo + 3 and let j = j(^) be the integer with 
j + 1 < ^ < j + 2. By Definition VIII.3, 

K= lim renjj/(0) 

exists in and obeys (5e = Sej{K). Observe that, by (R5), 

^^(0; 5e) - (0; 0) = ^^((/>; 5e,(K)) - (</>; + (</>; - gf{<\>- 0) 

= ns{:Wj{Ky.^,D,iuj;K)) (0, 0) + (0; K) - gf{<j>- o) 



(vin.4) 
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where 



s 



iko - e(k) - Uj {k; K) [1 - zy(>*) {k)] iko - e(k) - uj {k; K) [vi>o) {k) - u(>^) (k)] 
As in the previous paragraph 

N{g;^{K) - (0)) < 2ij (viii.s) 

In Lemma VIII. 7, below, we prove that the hypotheses of Proposition XV. 10 of [FKTo3], with 
u{k) = Uj{k;K)[u^^^\k) - iy^^^\k)], v{k) = Uj{k-K) + K(k)zy(^^+2)(fc) and X = \\K\\i^^. 
are satisfied. Consequently, 

iv(l75(:>V,(K):^,z,.(„,;K))(0,O) - \c^JSJ(^) < 10 

As 

N{lcf>JSJ(f>) = -^lllJ-SJllloo < ^\\S{k)\\Li 

< -tW Vol(supportz/(^^+^) -ly^^^A sup|^(fc)| 

^ const 

we have that 



^0 ■ ■ k 



iv(n5(:W,(K):^,^^.(.^;K))(</>,0)) < ^ + 3^ (VIII.6) 
Combining (VIII.4), (VIII.S) and (VIII.6), 



g.-^oo 

SO that 



lim Qi = Q 



in the N{ ■ ) norm. Consequently, for each n, Gn;g. converges uniformly to Gr 



Definition VIII.6 If u{{i,s), (^',s')) is an antisymmetric, translation invariant, spin indepen- 
dent, particle number conserving function on {B x S)^ and //(/c) is a function on IR x IR^, 
set 

(w */i)((C,.), (€',.')) = / dC u{{i,s),{C,s'))ii{C,0 

JB 

{jl*u){{i,s),{(,',s'))= I dC u{{C,s),{^',s'))fl(C,0 

JB 

where fi was defined in Notation V.4. 



With this definition {u * fi){k) = (/2 * u){k) = u{k)iJ,{k). 
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Lemma VIII.7 Let (yV,G,u,pj be an interaction quadruple at scale j. Then 



\u 



+K(k)zy(^J'+2)(/c)| < Aj-^|«/co-e(k)| < i|z/co-e(k)| 



for all k in the j^^ neighbourhood, all K e and all K' 

ii) 



<4M^+i||K'||i,5:. |^/co-e(k)| 



l^(-^)ll E, — const }^3-i 

|i«(K + sKOL=oll,E, ^ const e,-(||K|U...) ||K'||i,E, 

Hi) Let j- e + 2]. Then 

\uiK) * - 1^ ^. < const + ||K||i,E,le,-(||x|U,.^.) 



Proof: i) By Remark VIII. 2. iii, 



i-i 



K) + k(h)u^^^+^^ (fc) | = E P^^ (k) + 5u{k; K) - K(k) [l - {k)] 



1=2 



i-1 



< E |p^')(A;)| + |5«(/c;K)| + |K(k)|[l-iy(^^+2)(/c)] 



i=2 



and 



K + sK') I + (k)i.(^^+2) [k) 



< 



ds ' 



Su{k; K + sK') I + I k' (k) I [1 - (/c)] 

for all A; in the j*^ neighbourhood. Because p''*-* vanishes at ko — 0, Lemma XII. 12 of [FKTo3] 
and (VIII. 1) imply that 

\p''\k)\<2\k,\i^yX^^ 

Similarly, by Lemma XIL12 of [FKTo3], (VIII.3) and Definition VI.9, 

|5^(/c;K)|<2|/.o|pS;r^5«(i^)li,E,_, 

1 



<2|/co|A^"^M^ 



(VIII.7) 



< 2|/co 
<4|A:o 

^Ju{k-K + sK')l^^\<2\ko 

<2|/co 
<4|A:o 



2-2u 

(1,0,0) d 



^^i;2"'"^^5.(K + .K')L=oll,E,_, 

1 



(VIII.8) 



t=0 



'0 MJ+i 



A^--M^-3||K'||i,^^. 
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and, by Lemma XII. 12 of [FKTo3], Definition VI.9 and Definition VIII. l.i of [FKTo2], 



(VIII.9) 



\k{k)\[l-u(^^+'\k)]<2\\K\U,^^l^^ [1 - u(^^+'\k)] 

<2VMAj-^[j+i|zA;o-e(k)| 

<±Xl--^^\^ko-e{k)\ 
\k'{k)\[l-u^^^+'\k)]<2\\K'\U,^^l^^ [1 - u(^^+'\k)] 

<2M'+*||if'||i,E, |!J;o-e(k)| 

if M is large enough. In the last inequality of the bound on |i^(k) | [l — (A;)] , we used 

that %^ = Tj5r with K > i. Combining (VIII.7), (VIII.8) and (VIII.9), 



\u{k;K) + k{k)iy^^^+^\k)\ < 2ti + 4A^~"l, + i^t,}A^-"|z/co-e(k)| 

< Ai-"|zfco-e(k)| 

{k;K + sK')\^^^ + k'{k)u^^^+^\k)\ < {4A^-"M-3 + 2Mi}M^||i^'||i,E, \tko - e{k) 

<4M^+^\K'\\^,J:.\^ko-e{k)\ 



ds 



u) By Corollary XIX. 13, Remark XIX.5 and Proposition E.lO.i of [FKTo4] 



1=2 



1,E, 



< const C-i — i 



i-1 



< const 
const 



^ + (l + A^-)||K||^^Je,(i|K|u,.^) 

+ sK')L=oll,E, ^ const C,_i [A^-e,(||K|U..J||K'||i,j:. + ||K'||l,E,] 

< const tj{\\K\U,^.) ||i^'||l,E,. 



in) By Lemma XIII.7 of [FKTo3] with ii{t) = ^(t/M) - (p{M^^^-^h/M), where ip is the 
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function used in Definition 1.2, and A = we have 



\u{K) * {u^^^^ - u^^^^) \ < const Cj \u{K)\,^^^ 



< const c-i 



< const 



Mi 



^VT + ll^lli,s,Je,-(||K|U,,^.) 

^ + ||i^||l,E,]cj(||i^|U,.,) 
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IX. One Recursion Step 



The data of Theorem VIII. 5 are constructed recursively. In this section, we imple- 
ment one recursion step, analogous to the map o Oj of §111. 

Input and Output Data 

We now impose the actual conditions on the input and output data, analogous to 
Definitions III.8 and III.9. 

Definition IX. 1 (Input Data) The input data just before integrating out the j^^ scale 
is the set V^^ of interaction quadruples, in the sense of Definition VIII. 1, {W,Q,u,p) that 
fulfill 

(11) yV{K) has a Ej -sectorized representative 

m,n si,---,s„€Ej J 

Hm) ■ ■ ■ (f>{vm) V'lCCi.si)) • • • ) 

with Wm,n antisymmetric separately in the rj and in the ^ variables, wo^2 = 0, 
Wm,o = for all m > and 

iV,(«;(K),64a,||K||i,s,) <e,(||K||i,E,) 

for all K e % and all K'. 

(12) There is a family F of antisymmetric kernels 

F^^)((6,«i),---,(^4,.4)) e J^o(4,Si), 2<i<j-l 

(independent of K) and an antisymmetric kernel 5F^^\{ii,si), ■ ■ ■ , {^,34,); K) e 
JFo(4, Sj ) such that 

woAK) = SF(^\K)+ZF^^ + |Ant (v^i,{£^^\p, F))) 

where the particle-hole value Vph was defined in Definition VII. 4. Furthermore, for 
all 2 < i < j - 1, 
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and 

rl/"0 



< + ^M^||K||i,^Je,(||K||,,.J for all K e 

(13) For each K e 

N{g{K) - \c^JC^<^)jct>) < 4 E T7== 



Let Q2{K) = f dr]idr]2 G2{'r]i,r]2, K) (t){r]i)(f){r]2) be the part of Q{K) that is homo- 
geneous of degree two. Then 

-,G2{K + sK%J\\^<lMmK'\U,,:^ 



— 

ds ' 



for all K e and all K'. 
The input data is said to be real if 

o the interaction quadruple {W,g,u,p) is real 

o for real K, the S^— sectorized representative ip; K) of VV(-fC) is A;o-reversal real, 

in the sense of Definition B.l.R of [FKTo2] and 
o each F*^*) is A;o-reversal real 

Definition IX. 2 (Output Data) The output data just after integrating out the j^^ scale 
is the set V^J^^ of interaction quadruples (W, Q,u,p) that fulfill 

(01) yV{K) has a S^— sectorized representative 

m,n si,---,s„eEj J 

<t>M ■ ■ ■ <t>{vm) i^iiiusi)) ■ ■ • V'(($n,Sn) ) 

with Wm,n antisymmetric separately in the rj and in the ^ variables, Wm,o = for 
all m > and 

Nj{w{K),a,\\K\U,^^) <tj{\\K\U,^,) 
Nj{i-MK + sK')l^^,a, <M^ e,(||K||i,E,) ||i^'||i,E, 

for aU K e and all K'. 

(02) There is a family F of antisymmetric kernels 

F^'\{iusi), • • • , {u,s4)) e M^, Si), 2<i<j 
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(independent of K) and an antisymmetric kernel SF^^'^^\{^i,si), ■ ■ ■ , {^,84); K) e 
J^o(4, Sj) such that 

woAK) = 6F(^+'\K) + E F« + lAnt (y^^{C^^+'\p, F))) 
Furthermore, 

forall2<z<j 

and 

\5F^^+^\K%^^, < + ^M^||X||i,E,}e,(||K|U...) for all K e % 

(03) For each K e ^j, 

N(g{K) - UjC^^^^Jcf) < + for all K e % 

Let Q2{K) = J d'r]idri2 G2{rii,r]2,K) (j){rii)(j){rj2) be the part of g{K) that is homo- 
geneous of degree two. Then 

^(i [Si^ + 'K') - g2{K + sK')] < M^\\K'\\^,^. 

rTsG2{K + sK')U\^<M^\K'\\,,^^ 

for all K e and all K' . 
The output data is said to be real if 

o the interaction quadruple (W, ^,tt,p) is real 

o for real the E^— sectorized representative w{(f),'ip; K) of yV{K) is fco-reversal real 
o each F*^*) is A;o-reversal real. 

Remark IX. 3 Conditions (01) and (02) coincide with conditions (Rl) and (R2) of Theorem 
VIII. 5, while condition (03) implies condition (R3). 



Integrating Out a Scale 

In this subsection we implement the map Qj : V^^^ — > V^^^, analogous to that of 
Definition III. 6, that integrates out fields of scale j. We use the covariances 



iko — e{\C) — u{k;K) 



y'^J — iko-eik.)-u{k;K) 
D iu- K)(k) - y<-^'+'Hk) 

±Jjyu, I'L jyii,) — ^ko-eCk)-u{k;K)-K{-k)u(>J+'2){k) 

Cj{u;K){k) = Ci^\k)+D,{u;K){k) 
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from Definition III. 5 and Remark III. 7. 



Definition IX. 4 Integrating out the fields of scale j is implemented by the map Qj, which 
maps an interaction quadruple (W, ^,tt,p) G V^^^ to the quadruple (W' ,Q',u,p) determined 

by 

■W{<P, i;; K):^,D,iu;K) = log ^ y e^^^ e^^^'^'^+^'^^^^-S'--) d/^^u, (C) 
^'(0) = ^(0) + logig} 

where 



log z{4>) 



log / e'^-^^e^^('^''^+^''^)^^-^^(--M//^a) (0 



Theorem IX.5 If{W,g,u,p) e pj^^ then Qj{W,g,u,p) e V^^^ 



out • 



Proof: Let (W' ,3' ,u,p) = iljCW^G^u^p) . As in Definition III. 6, one easily verifies that 
(W, g',u,p) is an interaction quadruple of scale j. 
Define W" by 

: ^"(^^ V'; i^) : = ( : >v(0, V; i^) : 

Then 

>v'(0, V; = yv"i4>, K) - >V"(0, 0; K) 

(IX. 1) 

^'(</')=^(</')+W"((/>,0;X) 



We now apply Theorems XV.3 and XV.7 of [FKToB] to bound W. By (II) and parts (i) and 
(n) of Lemma VIII.7, the hypotheses of Theorem XV.3 of [FKTo3], with — const, A — Mi-^ 
and X = IIkIL ^ , are fulfilled. Therefore W" has a sectorized representative w" obeying 

AT { " lAJ/^iDjA WT^W \ / const '^Vj(«;,64a, ||K||i,s .) 

Nj{w - ^(f>JC!^^)J(l>- W, a, ||K||l,E,) < ^ i_^A,^(^,64a,||Kju.^^.) 

Un" \ ^ const b jV,K64a,||K|U,s.)^ 

(IX.2) 
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The hypotheses of Theorem XV. 7 of [FKTo3], with, in addition, Y = const\\K'\\ and 
e = const M-' are fulfilled. Hence 



and 



, const N,(u^Ma,\\K\W,^,f ( j^jy \ 
+ l_c2^Ar,.(^,63a,||K|U,sp J- +£J 

By (II) and Corollary A.5.n of [FKTol], 

l_«jV,(«;,64a,||K||i,s ) - l-^e,(||X|UX) - ^OnSt II 1,E,- j 



< const ej(||X||i,E,) < const Cj(||X||i,s,) 



(IX.3) 



-Nj{wMc^,\\K\\i,Sj) 



Therefore, by (IX. 2) and (II), recalling that w vanishes when ip = 0, 

N,{w" - lcj,JC(j'>J<P,a, ||K||i,E^.) < N,{w,a, + e,(||K||i,E,) 

< l,Nj{wMa, ||i^||i,E,) + ^e,(||K||i,E,) 

< e.dl^lli.i:,) (IX.4) 



and 



ko,2li,E, < const e,-(||K||i,E,) < S^^j e,(||K||i,E,) (IX.5) 



and, by (IX.3) and (II), 

< N^{iwiK + sK')l^^,a, \\K\\,,^^) + ^ e,(||K||i,E,) 

<M^e,(||X||i,Ej||i^'||i,E, (IX.6) 

By (IX.l), w'{(f),'ip; K) = w"{(f), ip; K) — w"{(j), 0; K) is a S^-sectorized representative for W". 
(01) now follows from (IX.5), (IX.4) and (IX.6). 

In preparation for the verification of (02), set 
5F[{K) = w'^^,{K)-woAK) - i E(-l)'(12)'+'AntL,(«;o,4(i^);Cif^),i^,(^(i^);i^)) 

£=1 ^ ' 
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By (IX.2), 
In particular 
Define 

and 



5F'^^^"\K) = 5Fi{0) + 5F^{K) + 5F^ 

>3- 
(0) 



Observe that ^^(^(O); 0) = C^^^^^^ and, by Lemma VII. 5. n, 



Therefore 

<,4(K) = wo,m + + i g (-i)^(i2)^+^Ant (^L, («;o,4(0); C^^l^yC^^^^^ 

We now estimate |5F'^-'+^^(K)|3 By (IX.6), 

' ^ Jo 



ph 
(IX.8) 



(is 

s'=0 3,Ej 

<^e,-(||i.|U..^.)M^||K||i,E, (IX.9) 



By Proposition VII. 6, for 1>1 



The hypotheses of this Proposition are fulfilled by parts (i) and (ii) of Lemma VIII. 7. Observe 
that, by (II), 

i^e,(||K||,,.J(64a)^(ig)^ K,4(i^)l3,,:, < e,(||K|U,.J 

so that 

K,4(i^)l3,E, < (64a)4B^ ^AmU,^,) 
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In particular, 

ko,4(0)|3,S, < (64a)4B^ 9 

Therefore, by Corollary A.5.ii of [FKTol], 



I^^sUe, < E (const [y""c,y|«;o,4(0)|'3+^ 



< const (^)^i;^-cf 



< E (const [r°c,) (^^.) 
^=1 



1 -const d 



a* 3 ~3 



< const (IX.IO) 
Hence, by (IX.7), (IX.9) and (IX.IO), 

< V{%^ + 5-^'ll^lli,^.>.(ll^ll^.-.) (IX-11) 
To verify (02), set F'^^ = F^^ for all < z < j - 1, F'^^^ = 5F(j)(0). By (12) 
^o,m = Y.F%] + lAnt (v(/:(^)(p,F'))) 
Therefore, by (IX. 8) and the Definition VII. 7 of iterated particle-hole ladders 
UK) = j:^F%]+5F'^^^'\K) + lAnt {y,^{L^^\pJ')))^^ 

+ \ E (-1)^(12)^+^ Ant Vph [l, («;o,4(0); C^j^ ), cifd')^'^) 
= Y.F%]+5F'^^^'\k) + |Ant (T/ph(>C(^+^)(p,F'))) 

The estimate on |(5F'^^'+^^ (K)|3 ^ required for (02) was verified in (IX.ll). By (12) 

|F'(^\^,^. = |5F(^)(0)|3^,^<^[f°c, 
\F'^\^^ = \F^%,^^<'^^^-\. for2<z<,-l. 



i=2 
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This leaves only the verification of (03). By (IX. 1) 

g'{(l>; K) - l^JC^^^^J^ = (g{(l>; K) - \^JC^<^^J^^ 

+ (w"{(t^,Q-K)-\ct>JC^^l^^Jct) 

Now 

By Lemma VIII.T.i, 

\u{k; K) + K(A;)zy(^^'+2) {k) \ < A^"^ \ikQ - e(k) | 
On the support of v^-^'^'^\k) vanishes and \u{k; K)\ < Aq~" \ikQ — e(k)| so that 



\c^'\k)-c%m\<r^^^,v^^\k) 



On the support of \ikQ — e(k)| < so that 



J J \%x—y\< ^_ " 



< const -mTAq 



and 



S const - const j^j^a+WyA 



< 



1/2 



if J > 1 and M is big enough. Therefore, by (IX. 4) and Remark Vl.S.ii, 
N{g'{(l>; K) - 1<PJC^^U<P - g{<P; K)) 

< Nj{w"{K) - \c^JC% Jcl>,a, ^ 



(IX 



< 2 
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Consequently, by (13), 

iV(^?'(0;K)-i</.JC(^^)j</.) 

< N(^g{<f); K) - ^(f)JC^<'^J(l?j + N{g\^- K) - ^(j)JC^^U(j) - g{(j); K)) 

i-i 

< 4 y / + ,2 

By (IX.l), (IX.6) and Remark Vl.S.ii, 

<iM^II^'l|l,E, 

(IX. 13) 

It follows directly from this bound and (13) that 

To prove the last inequality of (03), observe that, by parts (i) and (ii) of Lemma VIII. 7 and 
Lemma XII. 12 of [FKTo3], 



I 

ds^u{K+sK')\s=0 



^uik-,K+sK')\, 



[iko-e{'k)-u(k;K)]'2 
ifeo-e(k)|^ 



Hence 



\h^u{K+sK')\s=o\\\oo - const\\K'\\i^j:. J (fk ^^3^^ 

<con.t||K'||i,E, / dr i 



-^^<r<V2M^ ' (IX.14) 

\/M M3 — — MO 

= const\\K'\\i^^.\n{\f2M) 

< \M^\\K'\\i,^, 
Combining (13), (IX. 13) and (IX.14), 
\VtsG'2{K + sK')lJ\^ 

<|||iG.(K + .K')L.ollL 

+ [^'(0; K+sK') - g{cj>- K+sK') - l4>Jc!;!^K+sK')J^] s=o) 

_l_ 1 III d_Mj) I III 

2llUs'-^u(K+si<:')ls=0llloo 

<M^||i^'||l,E, 
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Remark IX.6 Let {W,g,u,p) e and {W,g',u,p) = nj{W,g,u,p). 

(i) The data F'^'^\ F'^^~^^ of (02) coincides with the data F^^), • • • , F^^-^) of (12). 

(ii) By (IX.12), N{g'{<t>- K) - \<t>JC^^) J<t> - g{<f>; K)) < . 

(iii) By Remark XV. 11 of [FKTo3], the sectorized representative w' of W and the function 
g'{(f)) may be obtained from the sectorized representative of W and the function g{(f)) by 

w\(j), ip; K) = w"{(j), V; K) - w"{(j), 0; K) 

The covariances C^\.^, Cj{u; K)-£. and Dj{u; K)y.j are defined as follows. Let C{k) be 
one of Cu \k), Cj{u; K){k), Dj(u; K)(k), as specified just before Definition IX. 4 and let 
c((-, s), (•, s')) be the Fourier transform of Xsik) C{k) Xs'ik) as in (IILl) and (IIL2). Then 

Ce(«,«),(s',s')) = Yl c((e,t),(e',t')) 

(iv) If the input data are analytic functions of K, then, by Remark XV. 11 of [FKTo3], the 
output data are analytic functions of the input data and K. 

(v) If the input data is real, then, by Remark B.5 of [FKTo2], the output data is real. 



Sector Refinement, Re Wick ordering and Renormalization 

We now implement an analog with estimates of the formal power series map 

'^J ■ ^out ^ ^in 

that re Wick orders. For each {W,g,u,p) e P^^t choose a sectorized representative 

w{(j),ll;;K) = J2 J2 drti---drimd^i---d^n Wfn,n{m,---,Vm{^i,si),---,{^n,Sr,y, K) 

<t>{m) ■ ■ ■ <t>{Vm) il{{il,Sr)) ■ ■ ■ '0((^n,Sn) ) 
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for W satisfying (01) and (02). 

We first solve the re- Wick ordering equation, that - in the context of formal power 
series - was discussed in Lemma III.ll. As in (III. 11), we set, for any function q : ^j+i — > 

6K{{^,s),{^',s'y,K';q) = J dxo (g(K') * ^^-'+'0 ((^o, x, s), (0, x', /)) 

K{K';q)^K'^^+5K{K'-q) ^j^.^^^ 
u'{K'- q) = u{K{K'- q))^^^, + q(K')e,+, * i^^^'^^^ 
E{K'- q) = Cj+i {u'{-;qy, K') - Dj{u; K{K'- q)) 

Let e((-,s), (•,«')) be the Fourier transform of Xs{k) E{k-^K'-^q)xs'{k) in the sense of Defi- 
nition IX. 3 of [FKTo2]. As in Proposition XII. 8 of [FKTo3], e defines a covariance on the 
vector space y^^ , generated by the fields iIj{^,s), by 



Set 



and expand 



w{(f^,^p-K';q) = J w{ct),tl, + tl,'-K{K'-q)) diiE^,^K'-q0') (IX.16) 



w 



(0, V'; i^'; g) = E i d^-dCn wo,n((€i,si), K'; g)V'((a,si)) • • • '0((^",sn) ) 

n>0 ^i''"'^ri€'Sj J 



Lemma IX. 7 For each K' G ^j+i there exists an antisymmetric, spin independent, particle 
number conserving function qo{K') e ^o(2,Sj) that solves the equation 

\q{K') = wo,2{K';q{K')) 

and fulfills 

ko(i^')ll,E, <^Wfi(ll^'lli.-,+i) 

|^go(i^' + «i^")L.oli,E, < ^e,(||K'|U,.^.,J 
If w and u are analytic in K, then go is jointly analytic in K' , w and u. 

Proof: The proof is an application the implicit function Theorem and is given following 
Lemma B.3 in Appendix B. ■ 
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Define, for K' e ^j+i, 

5K{K')=5K[K'-q^{K')) 

(IX. 17) 

ren, j+i(K', >V,«) = K{K') = K{K';qo) 

If w and u are analytic in JC, then SK and ren^ are analytic in K', w and u. If the output 
data is real and K' is real, then renjj+i(i^', W, tt) is real. 

Lemma IX. 8 There is a constant const, independent of M and j, such that if K' e ^j+i, 
then 

(i) \\5K{K')\\,,,:^ e.-(ll^'IU.-,+J 

\\iKiK' + sKXJ\^^^^< const M\ji\\K'\W^^^^^^^^ 
{in) tj{\\K{K')\\i,^.) < const ej + i(||K'||i,Sj + i) 

Proof: The proof is given following Lemma B.3 in Appendix B. ■ 

Proposition IX.9 Let (W,^,^,^) e V^^^^ and K' e ^j+i. Then 

Tenjj+i{K' ,W,u) e 



Proof: As j:eiijj+i{K' , W, u) — K{K'; go), the Proposition follows from Lemma B.l.i and 
Lemma IX. 7. ■ 



We define, for each K' e ^j+i, 

w"{(j),i;;K') ^w{(l),t(j;K') - w{(f),0; K') 



(IX. 18) 

I MCic^C2 9o((6,si),(6,s2);i^')V'((6,si))V'(fe,s2)) 



si,sieEj 
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and let W' be the Grassmann function having sectorized representative w" . Also set 

g'{ct); K') = g{(P; K{K')) + w{(t), 0; K') - «;(0, 0; K') 
u'{K')=u'{K';qo) 

p'^^ = for all 2 < i < j - 1 (IX.19) 

p'^'^ = 5u{5K{0))j:. * + qo{0) * 0^^^+^^ - [5K{0%^]^, * i>(^^) 



Observe that 

u'{k; K') = u{k; K{K')) {k) + qo{k; K') (k) 

p'^'\k) = 5u{k; 5K{Q)) v^^^\k) + qQ{k; 0) v^^^+''\k) - 5K(k; 0) v^'^^\k) 
We now define 

o^{yv,g,u,p)^{w',g',u'j) 



(IX.20) 



Theorem IX.IO Let (W, g,u,p} e V^£^. Then Oj{W, g,u,p} e V 



Proof: Set {W ,0' ,u' ,p') = Oj{W,Q,u,'p). Let w be the sectorized representative of W 
and 



j-i 



i=2 



be the decomposition of u specified in (VIII. 2). Let tu, w" be as in (IX.18), qQ be the function 
of Lemma IX.7 and let 5K{K'), K(K') be as in (IX.17). 



Verification that (W, Q\ u'.p') is an interaction quadruple of scale j + 1: 

We first check the properties of p' . As p'*^*"* = p*^*-*, for all 2 < i < j — 1, we need 



only discuss p'^-'\ By (IX.20), p'^^\k) is supported on the j^^ neighbourhood and, since 
5K(k;0) = ^o((0,k);0) z/(^-^+i)((0,k)), vanishes at fco = 0. By Lemma XIIL7 of [FKTo3], 
Remark XIX.5 of [FKTo4], Lemma E.5 of [FKTo4], (VIII.3), Lemma IX.7, Lemma IX.S.i and 
Corollary A.5.i of [FKTol], 

\P'^'\^. < \5u{5m)^^ * + ko(0) * ^^^^+^^1, + I [<^i^(0)ext].. * ^(^^-^L 



< const Co 



< const 



An t-i 



< const j^IjCj 

< ^0 '-J r ■ 

— Ml h 



(IX.21) 
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Thus, (VIII.l) holds for ^. 



Next, we construct the decompositfon (VIII. 2) for u' . Set 

L=K' 



L=0 



By construction, du' G J^o(2, Sj) and ^^'(O) = 0. Since ^^((O, k); K'^ vanishes 

5t6'((O,k);K0 =^o((0,k);L)i.(^^+^)((0,k)) -5K(k;L)i.(^^)((0,k^ 
by (IX.15) and (IX.17). Observe that, by Remark XlX.S.iii of [FKTo4], 



L=K' 

= 

L=0 



L=0 

Since K{K')^ K^, + 6K{K') 

u'{K') = «(K(K'))e,+, + qo{K%^^, * i>(^^+i) 

= 'EpS.. + f<^«(i^(i^))E,+, + ?0(i^)E,+, * ^^^^^^^ - [<^i^(L)ext]E, 



i=2 



'■extJSj + i 

Ept,.+p''il. + M(^')-^U. 

i=2 



i) 

and u'{K') has the desired form. 

We next bound \V^-^^:^-^^ j-5u' {K' + sK")L=o li e, ' K',K" e By definition 

+i^!r^i.o(i^'+.i^")L.o*^^-^'^^^i,E, 
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s=0 ll,E 



By Remark XII. 11 of [FKTo3] and Lemma E.5 of [FKTo4], Lemma IX.S.i and Remark XV.2.iv 
of [FKTo3] , the third term is bounded by 



is=oiii,i;. 



<con.t^l|K"||l,S, + ,|^(e,(||K'|U,.^.^j) 

< conat^M^ ej (||K'||i,s,+i) + OO t 

So=ro 

< (con.t^)A^-M(^+i)-3e,-+i(||K'|u,.^.^J||K"||i,E,+i+ E 



So=ro 

5 



5o=ro 

(IX.23) 

Similarly, by Remark XII. 11 and Lemma XIII. 7 of [FKToS], and Lemma IX.7, the second 
term is bounded by 

<"»"fc(9li9o(A" + sA"'- 



ls=Oll,E, 



< (con.t^)A^-M(^-+i)-^e,+i(||K'|U,.,^J||i^''||i,E,^,+ E 

<5o=ro 

(IX.24) 

By the chain rule, 

(IX.25) 

We bound these two contributions to the first term of the right hand side of (IX. 22) separately. 
By Remark XIX.5 of [FKTo4], (VIII.3), with K replaced by K{K'), Proposition E.lO.h of 
[FKTo4] and Lemma IX.S.iii, 

< const C,_i + .K^, ) L 

<con.tA^-"M^-3e,-(||K(K')lli,E,)II^E,lli,i:,+ E oct' 

So=ro 
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<con.tA^-"M^-3e,-+i(||i^'||l,E, + 0^C,_i||K"||l,E, + ,+ E OCt' 

So=ro 

<(con.t^^)A^-M(^+i)-3e,+i(||K'|U,^,,0l|K"||i,E,,,+ E oot 



So=ro 

So=ro 

(IX.26) 



Similarly, by Remark XIX.5 of [FKTo4], (VIII.3), parts (i) and (iii) of Lemma IX.8 and 
Corollary A.S.ii of [FKTol], 

< const C,-^\v['f''^^JumK') + ^h^K{K' + xK")l=o)\s=0 

<constXl--M^-^t,{\\K{K')\\,,^^) \\j-JK{K' +xK")l=^\l^.'r E oot^ 

' ' So=ro 

< const Xl--M^-^t^+,{\\K%,^^^,) ^e,(||K'||.,.^.^J||K"||i,s^.^,+ E Oct' 

So=ro 
6 

<5o=ro 

(IX.27) 



Substituting (IX.25) into (IX.22) and applying the bounds (IX.23), (IX.24), (IX.26) and 
(IX.27), we have 

|7^S;r^i<5.'(K'+.K'0L=oli,E, 



with an M-independent constant constQ. If M is sufficiently large 

consto^j^ = constoj^hrw < \ 

If a is sufficiently large and Aq is sufficiently small, depending on M, 



and 



' ' <5o=ro 

The remaining bound required in (VIII.3), namely, 
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is now a consequence of Corollary XIX. 12 of [FKTo4]. 

The remaining requirements of Definition VIII. 1 are easily verified. 

Preparation for the verification of (II), (12) and (IS): 
Clearly 

w'{K') = w%^^{K') (IX.28) 
is a Sj 4.1 -sectorized representative of W. Write 

m,n s\,---,Sn£Tij J 

0(771) ■ ■■(t){ri^) ■ • ■ V'((^",s„)) 

w"{(f),llj;K') = J2 dni---dr,^dix---di^ w'^,^{r)x,---,r)rn{£.i,8i),---,{U,Sny,K') 

m,n si,---,s„eSj J 

0(771) • • •0(77r„) 0'((€l,Sl)) ■ ■ ■ tp{{U,Sr,)) 

w'{(I),'iIj;K') = J2 Y dvi---dr]mdii---d^r, w'^^^{vi,---,Vm{^i,si),---,{U,Sr,y,K') 

m,n si,---,s„6Ej J 

(t>{vi) ■ ■■4>{vru) V'((€l.Sl)) • • •V^((^n,S„)) 

By Lemma IX. 7, wo,2iK') = ^Qo{K') and hence, by (IX.18), = 0- Consequently, by 
(IX.28), w'o^^ = 0. 

By (IX. 16) and Proposition A.2 of [FKTrl], 

«;(0, V; K') = :w;(0, iP; K{K')):^^_e^, ^k'-^,) (IX.29) 

By Lemma B.l.iii, ^o~^^j'\/ ^ is an integral bound for Ej:.. Hence by Corollary II.32.ii 
of [FKIVl],with f{'i(;) = wi4>,t,KiK')) and fii;) = :wi4>,t, KiK')):^,_E^. , 

Nj(w{K') - w{K{K')), f , X) < ^[,- Nj{w{K{K')),a, X) (IX.30) 
for all X e ^d+i- In particular 

Nj{w{K'), f , X) < ^Nj{w{K{K')),a, X) (IX.31) 
To get a similar bound on ^w{K' + sX")L=o' observe that, by (IX.29) 



d 
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(IX.32) 



By Corollary 11.32 of [FKTrl], (01), Lemma IX.8, parts (ii) and (iii), and Corollary A.5.ii of 
[FKTol], the first term is bounded by 

< tj{\\K'\\,,^.^jNj(^^^w{KiK'+sK"))\^^^,a, (IX.33) 

< const M^+''cj + i{\\K'\U^^^^^f\\K"\\i,j:^^^ 
<con.tM^+^, + l(||K'|U.,^.^J||K"||l,E,+i 

In preparation for bounding the second term of (IX.32), observe that, by Remark 11.30 of 
[FKTrl] and Lemma B.l 

has integral bound 



const + const V^,^l|i^"l|i,E,+J,=o^^°^«V^^H^"lli'^ 

since, by Lemma IX. 7, 



Consequently, by Corollary II. 32. iii of [FKTrl], (01), Lemma IX.8, parts (ii) and (iii), and 
Corollary A.5.ii of [FKTol], 



^ const 



< ^^tj{\\K'\u,^^^J N^{w{k(k')) , a, \\k(k')\w,^.')m^\K"\\,,j:.^^ 



< ^e,-(||K'||,,.^.^Je,(||K(K')IU,.,) M^||K"||i,E, 

< (^e,-+i(||i.'|U..^.^J M^-||K"||i,^.^, (IX.34) 

Combining (IX.32), (IX.33) and (IX.34), 

N,(^^^w{K' + sK%^^,^,\\K'\u,^^^,)<constM^+''t^^^^^^ (IX.35) 
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Verification of (IS): 

By the definition, (IX. 19), of Q' 

N{g'{(f>; K') - g{(f); K{K'))) = N{w{(f>, 0; K') - w{0, 0; K')) 

< 



by Remark Vl.S.n, (IX.31) and (01). Therefore, by (03), 

N{g'{4>;K')-l(f)JC^<^+^U4>) 

< N(g{cj)-K{K')) - \(j)JC^^^Ucp) + N{g'{cj)-K') - g{cj)-K{K'))) 

j 

< 4 I 



From (IX.19), 

iv(i [g'{<P; K'+sK") - g',{<j>- K'+sK")] 

^ ^(i KiK'+sK")) - g2{4>; KiK'+sK"))]^^^^ + N (^^-^w{K' + sK") | -o ) 

where L = ^KiK' + xK")\,^o obeys ||L||i,5:, < const e,(||K'|U..,+ J ||ir"||i,E,+i, by 
Lemma IX.S.ii. Hence, by (03) and (IX.35) 



iv(£ [g'ici,; K'+sK") - g'^{4>\ K'+sK")^ ^^^^ 

< M^'||L||i,s, + const M^'+^C, + i(||K'lli.^,+J||i^"||l,E,+i 

<constM^+^e,(||x'||.,.^^J||K"||i,E,+, ^^^-^^^ 



(5^0 
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Similarly, 

\VwsG'2{<l>:K' + sK'%J 



< III £G2(<^; KiK'+sK"))l^J^ + \1-n(^w{K' + SK'')\ ..0 ) 

Verification of (12): 

Observe that by (IX. 30), (01) and Lemma IX.S.iii 

< e,-(||K(K')IU,.,) 



so that, by Remark XIX.5 of [FKTo4] and Corollary A.S.ii of [FKTol] 



\(wo4K')-wo4K{K'))) <,,^,t^ijtj+i{\\K'\\,,^^^J (IX.38) 

Set F'^'^ = F^^ for all 2 < z < j and 

SF'^'+'\k') = SF^^+'\K{K')h^^, + {woMK') - woAK{K')))^^^^ 

By Definition VIL7, C^^+^\p,F) depends only on p^^)^ . . . ^^O-i) ^nd F^'^\ ■ ■ ■ , F^^K In 
particular £^^+^\p', F') = £(^+^\p, F). Therefore 

w'o4K') = woAK'h,,. = SF'(^+'\K') + E + jAnt (v,^{C(^+'\p',F'))) 

and 

I^'^^^Ue, foraU2<i<j 
Furthermore, by Remark XIX.5 of [FKTo4], (IX.38), (02), Lemma IX.8 and Corollary A.S.ii 
of [FKTol] 

|5F'(^+l)(K')|3,E, + , ^ l'^^^'^'^(^(^'))|3,E, + const^lj e,-+i (||K' J 

< eon.t + ^M^||K(K')lll,E,}e,(||K(i.')lli..,) 

^2 — 2^1 

+ const^^lj ej + i(||K'||i,s. + J 

,1-1; <- |l/"0 X^^^^ ^ 

< ^|con.t^ + const^ji^M^||K'||i,s,+i +const^l,|e,-+i(||K^ 

< + con.t^^iVP+ii^'||i,E^.^Je,+i(||K'IU,.^.^J (IX.39) 

50 



since const Xl~^lj < -^j^, by the hypothesis a < —;t/to of Theorem VIII. 5 and the require- 
ment of Definition V.6 that < v < j. In particular 

1_„ ^ ,i/»o 



Verification of (II): 
Set 



m.n 



Si .•••,Sr, 



I 



Then 

m,n>l n>A 



m,n>l n>4 



"0 ' 

E 



By (02), (IX.39), Remark XIX.5 of [FKTo4] and Theorem VIL8 (with p = Xl'"" , £ = £) 

+ ||Aiit(vi„(£W+')(p',F')) 

< const V E V + 

■M^-+lK'||i,^^.^, e,-+i(||K'|u,.^.^J + const A^^^c,-+i 

< const^l^ + ^^M^ + iK'||l,E,+i}e,+i(||K'|U...^J 

Consequently, by Proposition XIX. 1 of [FKTo4] 

\<a(K%,^,^, ^ — *^{^ + M^i^M^+^||K'||i,^^.^,}e,-+i(||K'|U,.,^J 
Therefore, by CoroUary A.5 of [FKTol] 
Nj+i{io'o4K'),64a, ||i^'||i,E,+ J 

< |e,+i(||K'|U,..^J (IX.40) 
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By (IX.31), (01) and Lemma IX.S.iii 

Nj{w"{K'),^,0) < lNj{w{K{K')),a,0) 

<lNj{w{K{K%a, \mK')\\,,^^) 

< |ej(||K(x')lli,s,.) 

< const e-, + i(||K'||i,s^._^J 

SO that, by Corollary XIX.8 of [FKTo4] and Corollary A.5 of [FKTol], 

NJ+,{w'iK')-co'o4K'),6Aa,\\K'\\^,^^^,) 

< j^^rh^ tj+,{\\K'\w,^.^,f N^{w"{K'), f ,0) 

< const ^(i^N)/8 tj+i{\\K'\\i^-s._^J^ 

< iej + i(||K'||i,s.^J 

(IX.41) 

Combining (IX.40) and (IX.41), we get 

iV,+i(«;'(K'),64a,||K'||i,s^.^J < e,-+i(||K'|U,.^.^ J 



By (IX. 18) and (IX.35), 

Therefore by CoroUary XIX.8 of [FKTo4] and CoroUary A.5 of [FKTol], 

^.+1 {i^'iK' + sK")\^^^, 64a, ||K'||i,e,+,) 

< const e,+i(||K'IU,.,+jAr,-(f^«;''(K' + sK'0|,^o,fJ|i^'||i,E,+,^ 

■ 

Remark IX.ll Let {W,g,u,p} e V^£^ and {W ,g' ,u' ^f) = Oj{W,Q,u,p) e v[i^^\ 

(i) The data F'^'^\ • • • , F'^^^ of (12) coincides with the data F^^), • • • , F^^) of (02). Also, 
by (IX.19), p'^^ = p(^) for aU 2 < i < j - 1. 
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(ii) By (IX.36), 

N(g'{cf>;K') - g{cf>;venjj+,{K',W,u))) < 

(iii) If the output data are analytic functions of K, then, by Lemma IX.7, the input data are 
analytic functions of the output data and K. 

(iv) If the output data is real, then the input data is real. 
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X. The Recursive Construction of the 
Green's Functions 

In this section, we construct the data of Theorem VIII. 5, recursively in j. 

Initialization at j — jo . 
We set 

o 5ej„(K)(k) = K{k) for K G 
o = p(^) = ■ ■ ■ = pOo-1) = 

o = . . . = F^^o) = 
and define W,„, Q^^ and Uj^ as follows. 



Jo 5 ^jo "^^^^ "-JO 

>V,o(i^) =fi^(<.o) (V(v))((/>,V')-^^r(^.o) (Vw)(</>,0) 



■'JO 



jo V""^ ~ ""C* 



Clearly, (Wjo, WjQ, (p*^',---,p*^o~^')) is an interaction quadruple at scale jq- Next, we verify 
that it is in V^^^ . Let w{(f), i/j; K) be the S^g -sectorized representative for 

u(K) JO \ ^ JO \ / 

chosen in Theorem VI. 12 and set 

w{(t), ip; K) = w{(t), ip; K) - w{(p, 0; K) 

= X] X] / 'ir}i---dr]md^i---d^n Wm,n{vi,---,Vm(^i,si),---,(^n,Sny, K) 

m,n si,---,s„eEjQ J 

0(771) • • • 0(»7m) V'lC^l.Sl)) • • • V'lC^n.Sn) ) 

By Theorem VI. 12, 

Nj,{w{K),a, ||i^||i,E,J < iV,-o(*(K),a, ||K||i,e,J < const a^A^e,,, (||K||i,e,J 

and 

<M^Oe,„(||K||i,E,J||i^'||i,E,„ 

In particular, 

Nj,{w{K),a,\\K\U,^J<tj,{\\K\U,^J 

\^oAK)l^^^^ < j^j,^^^Nj,{w{K),a,\\K\\,,,:J 
< const a^Xo c^q (||K|| i,e, J 
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so that (01) is satisfied. Similarly, 



|«^0,4(-f^)|3 J. < B^a4p^o;4(Ao) 

Nj,{w{K),a,\\K\\^,j:J 
<^e,o(||K||i,E,J 

Setting SF^^°+^\K) = wo,4{K) , (02) is satisfied. Observe that 



Now 



(<J0) /, X _ K(k)[t/(k)-^(>^")(fc)] 



^•oW^^ [ifco-e(k)][ifco-e(k)+K(k)] 



On the support of t/(k) - i.(>^o)(/c), j^fco - e(k)| > ^^—^ and |i^(k)| < con^tA^""^^ so 
that 

- MJo + 1 / (27i-)3 |zA;o-e(k)|2 

< const U.-y\> 1 , ^^^2/ 

|y I <const 

< const ^^f^ In (VMM^o) 

< 1 



if M is big enough. Therefore, by Remark Vl.S.ii and Theorem VI. 12 

< 



Similarly, 



<M^°||K'||l,E 
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JO 



and since ^(7(-^°) (k)\ _ K'(k)[[/(k)-.(>^o)(fc)] 
ana, since ^^o^,^(^^^^,)^/cj|^^Q - [,fc„_e(k)+K(k)]2 ' 

<A-^iV(i«;(</>,0;K + .K')L=o)+--«-P|^'(k)| / (l^^^¥fc^SyT^ 

< A^-M^°||K'||i,^^.^ + const sup |K'(k)| L_,,>^_ cixdy ^ 

\y\<const 

< Aj-^M^°||K'||i,E,„ + const ||i^'||l,E,„ In (VMM^°) 

< M^°\\K'\U^. 

if M is big enough, for all K e and all K'. This completes the verification that (03) is 
satisfied. 

As pointed out in Remark IX.3, conditions (01-3) imply conditions (Rl-3) of Theorem 
VIII. 5. For j = Jo, (R4) is vacuous. Condition (R5) was verified formally as (III. 10). The 
analyticity and reality conditions of Theorem VIII. 5 follow from Theorem VI. 12. 



Recursive step j — > j + 1 . 
Fix j > jo and assume that 

o maps Ssj', renjj/, jo < i < j' < j 

o pU-i) 

and output data {yVj^Q^^^Uj, {p^^\---,p^^~'^^)) at scale j have been constructed and fulfill the 
conclusions of Theorem VIII. 5. 
Define Wj+i, ^J+i, uj+i and p^^^ by 

(w,+i, (p(^),...,p(^))) = o o^. (w,-, (p(^),...,^^^ 

By Theorems IX. 10 and IX. 5, the left hand side is an output datum of scale j + 1 and, by 
Remark IX.3, satisfy conditions (Rl-3). By Remarks IX.ll.i and IX.6.i, the F^^+^^ of (02) 
may be appended to F^'^\ F^^^ so that (R2) is satisfied. The analyticity and reality 

conditions of Theorem VIII. 5, follow from Remarks IX.6.iv,v and IX.ll.iii,iv. 
Define renjj_|_i to be the map ren^ .,+i( • , yVj,Uj) of (IX. 17). By Remarks IX.ll.ii and IX.6.ii, 
(R4) is satisfied. Define, for jo < i < j, 

reuj J+1 = reujj o ren^j+i 

and 

5e,+i(i^)(k)= [ren,„,,+i(i^)]"(k) 

Then the algebraic conditions of Definition VIII. 3 are fulfilled. The analyticity and reality of 
ren^j+i was observed following (IX. 17). That the estimates are also fulfilled is proven in 
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Lemma X.l 



i) For all K e ^j+i, 

||ren,,,+i(K)||^^. <Ai--^+ Eoot^ 
Pe,-+i(K)|||i,oo<A^-" 
a) There is a universal constant const such that, for all jo < i < j + I and K, K' e 

Hi) For all jo < f < j + 1, 

||ren,,,+i(0)-ren,,,v(0)||^^. <A^^^+ Eoo*' 

|||5e,+i(0)-5e,.(0)|||i,oo<A^-"^ 

Proof: i) We prove, by induction on j — i that 

i+i 

Ten,,,+^{K) = Y,Pi,j+iiKh, (X-l) 

with 
and 

WI|i,E, < ^ ^e,-(||K|U..^.^J (X.2) 
for £ < j + 1. This will then imply 

i+1 

< 



const XI T7 "^'-1 E, Proposition E.lO.h of [FKTo4] 

< const Ci-i + const ^ ^ ]^Ci_i C,- (||K|| J 



J 



I II II \ — ^ I 

< const j-^ C,_i + i + + 

by Example A.3 of [FKTol] 

[ ■ 1 1 1 1 A"*""" [ 

< const j-^C^-i \\K\\^^^^^^ + const j^tj{\\K\\i,^.^J 

(X.3) 
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In particular, setting t = 0, 



|renij+i(K)||^^^ 



<^ const . ' A 



h \l-v _j_ ^0 _l 



V [j + 2 





(X.4) 



by Definitions VI. 9 and V.2.iii, if M is big enough. Substituting i = jo and using 

III E v'((-,.),(-,.0)IL,oo<^IMIi,E. 

which apphes to any translation invariant sectorized function on (H^ x Ej)^, also gives the 
desired bound on Scj+i. 



Now suppose that (X.l) and (X.2) hold for reuj+i Then, defining 

SK('+^\K') = ren,,,+i(K') - K'^^, 

Tenij+i{K) = reni,i+i(^reni+i,j+i(K)^ 

= (ren,+i,,+i(K))^^ +5^(^+1) (ren,+i,,+i(K)) 
i+i 

J2 PA,+i(i^)E. +5i^(^+i)(ren,+i,,+i(i^)) 



£=i+l 



if we choose 



By Lemma IX. 8. i. 



i,,+i(K) = (JK(*+^)(ren,+i,,+i(K)) 



By the inductive hypothesis, (X.3) applies when i is replaced by i + 1, so 



\\Pi,j + l{K)\\l,j:, < ^^e,(||ren.+i,, + i(K)|U,s,^J 

< 4^ ^Ci{const^c, ||K|U,..^,+^ 



< 







j,6 



1- const Ci||K||i,E 
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By Lemma A.4.ii and Corollary A.S.ii of [FKTol], 

\\Pi,j+l{K)\\l,^i < const l-constMJ% \\K\\,,^.^^ l-Aj-e,(||K||i,s^.^ J 



< const j^It l-constM/4||X|U,s^.+, J 

Corollary A.5.i of [FKTol], with /x = const and X = M-?||X||i,e,.+i, yields 



l-constM^ < const ej(||K||i,s,.^J 

which, by Corollary A.S.ii of [FKTol], implies 
as desired. 

ii) We use induction on j — i. Introduce the local notation 

III^IL-+i = ll^lli,i:,+.L=o 
As reuj^j+i is the identity map for z = j + 1, the case i = j + 1 is trivial. As 



d_ 
ds 



renij+i(K + sis:')L=o = Si^en^.i+i (^renj+ij+i(K) + s|^reni+i,j+i(K + s'i^') L.=o) 



s=0 

we have, by Lemma IX.S.ii, 

||iren,,,-+i(K + .KOL=olli,E, 

<consfM^ei(||reni+ij+i(K)||i,E,+J ||^ren,+i,,+i(K + s'K')L/=oIIi,e, 



Setting t = 0, 



— 

ds 



^ '^^^^^ l-Mi|ren,+i„- + ,(X)||U+i III Ts^^^i+U+l + '^^') | ,=o III i+1 

- eonstM^ ^ ^^_^^ |||^ren,+i,,+i(K + .KOL^ollL+i by (X.4) 
< const III iren,+i,,+i(X + sK')\^^^ \\\.^^ 

By induction 

|||^ren,,,-+i(K + si^')L.ollL ^ (constM^)^'+'-i|K'|||,-+i 

as desired. 
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iii) 

renjj+i(0) - ren^j/(0) = ren^j/ (ren^/ j+i(0)) - renj,j/(0) 
Hence, by part (ii), 

||renij+i(0) - renij/(0)|| < const' j^Hreiij/ j+i(0)||i,s,/ + '=>°t^ 

By (X.4) 

||ren,,,+i(0) -ren,,,.(0)||^ ^. < cons/-^° TT^o""]^- + E oct' 

^ — v I const\i I ™^ +5 



5^0 



and, setting i — jo, 



\\\6eJ+^{0) - SeAO)\\\i,o. < ^||ren,o,,+i(0) - ren,„,.(0)||^ 

^ const const^ Aq ^ J" ./ 



t=0 



1 



<A0 27 



This completes the proof of Theorem VIII. 5. 
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Appendix B: Self— consistent Re Wick Ordering 



In this appendix, we prove Lemma IX. 7 and parts (i) and (ii) of Lemma IX. 8. We 
view any fixed Q e To{2,T,j) as the constant function i— > Q on Aj+i. In this sense, the 
definitions of (IX. 15) apply. For example, 

5K((x,s),(x',s');q) = J dxo (q*z>(^^+^))((xo,x,s),(0,x',s')) 
Lemma B.l Assume that K' e ^j+i and Q e .Fo(2,Sj) obeys 

IqIi,e, < ^we^di^'iii.^.+i) 

Then 

i) K{K'- Q) e 

ii) There are constants const , independent of j but possibly depending on M , and const, 
independent of M and j, such that 

Zj{\\K{K';Q)\W,i:i) < const tj{\\K'\U,^.^J 
tj{\\K{K'-Q)\\i,j:.) < const tj+i{\\K'\\i,j:.^J 



Hi) 

• ^ '^o~^^j'\/ W ^'^ integral bound for E-s.{K' ; q) 

• const W yM^Q'l-^ ^, H g ' ^ j is an integral bound for j^Ej:.{K'; q+sq 

In particular, i/t) € 9Td+i ^.s independent of to and \q'\i < ^Cj, then const ^IjDo 
an integral bound for ^E-^j {K'; Q + sq')\^_q. 

• const ^J^j\\K"\\l^Y:j+^\^^Q is an integral bound for ^-^Sj {K' + sK"; q) l^^g- 



Proof: i) Observe that 



5K'(k;Q) = Q((0,k))zy(^^+i)((0,k)) 
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By Proposition E.lO.ii of [FKTo4] and Lemma XIII.7 of [FKTo3], 

- const^Cj-ill-fC'lli.E^+i + const Cj + i|g|^ j._^ 

< const M^Cj_i||K'||i,E,.+i + constCj + i^^tj{\\K'\U,^.^J ^-^-^^ 
S const M Aq mJT^ + const ^ jgj + 2^ OO I 

if M is large enough and a is large enough, depending on M. By definition, supp K' C 
supp (0, k) C supp zv(--'+-'^^(0, k), and by construction supp^K C supp -"^^ (0, k), 

so K{K']Q) fulfills the required support property. 

ii) By (B.l) 

tj{\\K{K'-Q)\\i,^,) ^ 



< 



Co 



1 - M^- [const M^C,_i||K'||l,E,+i + const C,+i^^e,-(||K'|U,..^J] 



l-v 



1 - M^+Hj\\K'\\^,^.^^ - const^ Cj+i tj{\\K'\U,^.^J 



c,- 



1 - M^+ic,-||i^'||i,i,,^, - A^-- e,(||K'|U,.,^J 
if a is large enough, since 

Cj+iCj(||K'|U,s.^J < M''+'^°Cjej(||i^'||i,s^.+J < constej(||K'|U,j:^.^J (B.2) 

By Lemma A.4.u and Corollary A.5.n of [FKTol], 

C,-(||K(K';Q)|U,^.) < const ^_mJ+i c-\\K'\W,^.^, I-AJ"" e, (Jx'II ) 
< const i_M^+lc/||K'||i,s,.+i 

Corollary A.5.i of [FKTol], with // = M and X = yields 

i-MJ+u'\\K'\u,^.^^ < conste,-(||K'|U,s,+J 

which, by Corollary A.S.ii of [FKTol], implies the first bound. On the other hand. Corollary 
A.5.i of [FKTol], with /i = 1 and X = M^+1||K'||i,e,+i, yields 



l-M^ + lc,.yi^'||i.i:,-+i - l-M^ + lc,+^||K'||i,s,.+i - consttj + i{\\K'\\,,^.^J 
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which, by Corollary A.5.ii of [FKTol], implies the second bound, 
iii) Set 

v{K'- q) = u{K{K'- q)) + K{K'- Q)ext * i>^-^+'^ 



Then 



E{K';Q)^Cj+i{u'{ ■■Q)-K')-Dj{u;K{K';Q)) 



X>j + i) 



(fe) 



ifco-e(k)— !i'(fe;i<r';Q)-i<:'(k)i/(>3+3)(fe) i/co-e(k)— u(A;;K(K';Q))-K(k;i<r';Q)i/(>J+2)(fe) 



(B.3) 



,(>i + i) 



(fc) 



/>i + i) 



(fc) 



iko-e{y)-V{k;K';Q) zfco-e(k)— ()(fc;K';Q) 



Also 



V{k;K'-Q)-v{k;K'-Q) 

= ['u(A'(K'; q)) + Q + ^V(^^+3)" 

- 'u{K{K'; Q)) + (K^ . + 5k'{Q)y^^+^^' 

= -k'{k)v^^+'^\k) + Q{k)iy^^^+^\k) - q((0, k)) iy^^^+^\{0,k))iy^^^+^\k) 

(B.4) 

For the last equality, we used that K'(k) = -ftr^^.(k), by Definitions E.7 of [FKTo4] and XII.4 
of [FKTo3], since K'(k) vanishes outside the support of 1/(^^+2) ((0, k)). By Definition VI.9, 
Lemma XII. 12 of [FKTo3] and Definition VIII. 1 of [FKTo2], 



(B.5) 



= 2^/MX'^--{,+2\lko - e(k)| < ^X'^--l,\iko - e(k)| 
Similarly, using Lemma XIII.7 of [FKToS], 

|q(/,)^(>.+i)(/,) _ Q((0,k)) iy(^^+i)((0,k)) 1^.(^+2) (/c) < 2|A;o| fcl^ * ^^-'^'^ 

< const |/co| |^(cj + i|Q|^ 5. ) 



and 



|q(A;)(1 - v^^^+^\k)) v^^^+^\k)\ < 2\Ql^ v^^+^\k) < 2\qI^\-^^^ 

= 2M^+'i\Q\ ^ \iko-e{k)\ 
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t=0 

(B.6) 



(B.7) 



Combining (B.4)-(B.7) 

\V{k;K';Q)-v{k;K';Q)\ < ^^A^-n,-+2 + const^ 

<iAj-"r,- \iko-e{k)\ 

if a is large enough. Lemma VIII. 7. i implies 



\iko - e(k)| 
(B.8) 



\v{k; K'; q) \ = \u{t, K{K'; q)) + K{k- K'; q)p^^^+^^ {k) \ < A^"" \iko - e(k) | (B.9) 
as well as 

\^^v{k; K'- Q + sq')|.=o| = \^s^{k; K^. + SK{q) + sSK{q'))\,=o + SK'{k; Q'y^^+^\k)\ 

<4M^-+i||5K(Q')||i,E,kA;o-e(k)| 

< const M^+i\Q'\^^ \iko-e(k)\ (B.IO) 



and 



— 

ds 



v{k; K' + sK"- Q)\s=o\ = |iti(A;; K'^^ + 5K(q) + sX^^)|s=o + K"(k)zy(^^+2)(/c)| 

<4M^+i||K^ l|i,E,k/co-e(k)| 



< constji^M^+2C,_i||K"||i,E,+iKA;o - e(k)| 



< constM^'+i+^c,_i||K"||i,s,^Jzfco - e(k)| (B.ll) 

From (B.4) 

^ [y(A;; K'; QW)-t)(A;; K'- q+sq')] =Q'{k) iy^^^+^\k)-Q' {{0, k)y^^+'\{0, k))iy(^^+^\k) 
so that 



[V^(A;; K'; Q+sQ')-v{k; K'- q+sq')] 



< 



a c,+i|Q'ii 



const g7 ■ ^' +2M^'+2 |q'|^ 



|zA;o-e(k)| 
(B.12) 



by (B.6) and (B.7). Similarly, 

^ [V(/c; + sK"- q) - v{k- K' + sK"; q)] = -K"(k)zy(^^+2) {k) 

so that 



[V(A;; K' + sK"; g) - v{k; K' + sK"; q)] 



<2\K"\^ u^^+^\k) 



2M^+^K\^^J^ko - e{k)\ 



< 2\K"\ ^ 4^1-^ 
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as in (B.7). 

Using (B.8) and (B.9) 

\E{K';q)\ 



/>j+i) 



(k) 



/>j+i) 



(k) 



iko-e{k)-V{k;K';Q) iko-e{k)-v{k-K' ^Q) 
V{k;K';Q)-v{k;K';Q) 



[ifeo-e(k)-y(fc;K';Q)] [iko-e{k)-v{k;K';Q)] 



|iA;o-e(k)| 

The integral bound for Ey.^ {K'; q) now follows from Proposition XII. 16 of [FKTo3]. Similarly, 



ir,V(k;K';Q+sQ')\^^o _ ^z)(fc;K^Q+gQOU=o 
[iko-e{k)-V{k;K';Q)]'^ [iko-e{k)-v{k;K';Q)\-^ 



< const 



^, , 9 c IQ'l^ ^ , I 



\tko-e{]<.)\ 

and the first integral bound for j^E^,^ {K'; Q + sq') also follows from Proposition XII. 16 
of [FKTo3]. 

If if I) e ^d+i is independent of Iq and |q'Ii — ' ^^^^ 

9 c,IQ'li,s, 



+ 



- ) < constM^'iio 
/t=0 



and the second integral bound for ^Ej:.(K'; Q + sq')|^^q follows from the first. 
Finally, using (B.ll) and (B.13), 



I — 

I ds 



E{K' + sK";q)\^J 



i-^V{k;K'+sK";Q)\s=o 

[iko-e{k)-V{k;K';Q)]2 [iko-e{\^)-v{k;K' -Q)]^' 



0{k;K'+sK"-Q)\s=o 



< const 



M^\\K'' 



|ifco-e(k) 

and the integral bound for ^Ey;j{K' + sK"; Q)\g_Q also follows from Proposition XII. 16 of 
[FKToS]. ■ 



Recall that wo^2{K'; q) G J^o(2,Sj) was defined, following (IX.15), to be the 
coefficient of V'((ei,si))V'((e2,s2) ) in '.w{K{K'; q)) : . 

Lemma B.2 Assume that K' e ^j+i, f G ^d+i is independent of to and 

l«'ll,E, ^^"^^ 

Then 

|i^o,2(i^';Q + .Q')L=oli,E, ^ ^^'^.(ll^'IU,.,+J 



3 + i 
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Proof: We use the notation of §XII of [FKTo3]. Set a = ^r^^, h = J^, X = 

2Ag V 

q) lli^Ej and c = const^ ej(X), where const]^ is the constant of Lemma XV. 5 of 
[FKTo3]. Let, for a sectorized Grassmann function v — Vn with f G C ® A" 

n 

Observe that, if V = ^^^^ Vm,n with Vm,n ^ ^m® and Vo,2 = 0, and if = En ^o,n, 

then 

N{y;2a) < iV,- (V, a, X) 

Set, using the notation of Definition Xn.6 of [FKTo3], 

W{K'-q)=w{K{K'-q))\^^^ 

W2{K'-q) = Gr{w{K{K'-Q))oa) 
W^{K'- q) = W{K'; q) - W2{K'- q) 

Then 

e,-(X)|«;o,2(i^';Q)li,s^, = eoost>M. ^(^^(^o,2(i^^Q));a) 

< e,(X)|«;(K(K';Q))o,2|i,s^ + const>M.^ (^K^o,2(i^^Q)) - Ii^2(i^';Q);«) 

< e,(X)KK(K^Q))o,2|i,^> ^HiISt^iV(:^ 

< e,-(X)|«;(ir(K';Q))o,2|i,s^. + const ^iV(W-4(i^';Q); 25) 

by Corollary IL32 of [FKTrl] and Lemma B.l.iii. By the observation above 

-N[W^{K'- q)- 2a) < const ^iV, {w{K{K'- q)) + \(t>C^^U. «, ^) 

< const ^£i^iV,- q)) + \cpC^^^, a, X) 



Hence, by (01), 

\wo,2{K'- Q)\,^^^ < ^t,{Xf + const ^£^e,(X) 

< const ^^ej(||K'||i,s,+J 

< ^^^idl^'lli.^.+i) 
by Corollary A.5.ii of [FKTol] and Lemma B.l.ii. 

We now prove the bound on | ^wq^2{K'; q + sq') L^oli e ' "^^^^ time we use a' = ^ 
and, for any sectorized Grassmann function v = v„ with e C (g) /\"^ V^, 
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The other notation is as in the first part of this proof. This time, ii V = ^ Vm,n with 
Vm,n e <8) A" (^0,2 need not vanish), and iiv = J2n ^o,n, then 

N'{v; 2a') < ^^A^"^ Nj {V, a, X) 

Hence 

< const 'a'-^M^ N' ih-W{K';Q + SQ') i ^k';Q+sQ') I s^O^ «0 

< const, a-^M.- ^^ ( : ^^^(^'5 ^ + I s=0 ■ -E.^ iK';Q) 5 «') 

+ const, a-^M. ^' ' ^(^'^ ^ -i?^^. (K';Q+sQ') L=0; 

< ^3i^st;W^'(i^(^';Q + ^Q')L=o;2«') 

+ const, a-^M. (.^-1)^ ^^^nst ^-^N'{W{K'- q); 2aO 

< const §MjNAhW{K'- Q + .q')L=o' ^) 

+ const ^V^^J- Q)' ^) 



In the second last inequahty, we used Corollary II.32.i,iii of [FKTrl] and Lemma B.l.iii. Since 

^W{K', Q + SqX^^ ^ i-w{K^^ + 5K{Q + SQ')) I a=0 

<p=U 

= i-w{K^. + SK{Q) + sSK{q')) I .=0 

(01) implies that 

Nj{^W{K';Q + sQ%^^,a,X) < M^e,-(X)||(5K(Q')||i,E, < constMhj+,tj{X)\\Q'\\,,^. 
(01) also implies that 

Nj{W{K'-Q),a,X)=Nj{w{K{K';Q))\^^^,a,X)<Cj{X) 

Hence 

e,(X)|^«;o,2(i^';Q + ^Q')LJi,E, ^ const [^M^c,+ie,(X) Oc, + ^V^e,(X)^ 

< const ^De,-(||K'|U..,+J < %^Oe,(||K'|U,.,+J 



by Lemma B.l.ii, (B.2) and Corollary A.5.ii of [FKTol]. 
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Finally, we prove the bound on |^tt;o,2(-f^' + sK"-^ ^)\s=(\i e " have 

< const 'a-M^ N' ilS ■ ^(^' + '^"'^ Q) ■ -E.^ iK'+sK',Q)\s=0^ «') 

< const, a-^M.- ^^ ( i £ ^^l^' + ^K"; q) \ : ^^.^^ ; a') 

constj a'^MJ ^ (ds • ^("^ ' • -Ss^. (K'+sK";Q) L=0' ) 

+ ^^^it7W(^ const ^^^^^g^iV'(^(K';Q); 2a') 

< const ^N,{i-W{K' + sK"- q) |^^^, a, X) 

+ const^||K"||i,s,+,iV,(W^(i^';Q),«,X) 
In the second last inequality, we used Corollary II.32.i,iii of [FKTrl] and Lemma B.l.iii. Since 
^^W{K' + sK"- Q)l^^ = '^w{K'^^ + 5K{Q) + sK'i^)\ j=o 

(01) implies that 

N^{^W{K' + sK''-Q)\^^^,a,X) <MH,{X)\\K'i^\\,,,:^ < 
and, as we have already observed, 

N^{w{K{K'-Q))\^^^,a,X)<t^{X) 

Hence 

e.(^)|i*o,2(i^' + sK"- Q)IJ,^^^ < const [^c,_i + ^] ||K"||i,E,+,e,(X) 

< const 42^e,(||K'||i.s,.+J||K"||i,E,+i 

< ^e,(i|K'lU,.,^J||K"||i,E,+, 

by Lemma B.l.ii. ■ 

We now solve q{K') = 2wo^2{q{K'); K') by a standard contraction mapping argu- 
ment. Define 

^(0) = 

5(^+1) =2t(;o,2(9^''^i^') n>l 
We use the shorthand notation tj = ej(||K'||i,s^._^ J. 
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Lemma B.3 Let K' e ^j+i- Then 



|o(n)_„(n-l)| < (^^y~'(2^^\. 



Proof: The proof is by induction on n. By Lemma B.2 



3 



and the conclusion of the Lemma is true for n = 1. If the Lemma is satisfied for some n, 
then, by Lemma B.2 with 



f«^r"V2^i'i ^— 



we have 



- - a 



Proof of Lemma IX. 7: Fix any K' e .^j+i. By Corollary A.S.ii there is a constant k such 



that < f ej. If a is small enough, Lemma B.3 implies that every 



I (n)| ^^^M^ ^ ^ 

a 

and that the sequence {q^'^^}n>i converges to a qo{K') also obeying 

ko(i^')|i < 4^ifee, < S^^e, (B.14) 



Fix any K" and denote Qq = qo{K') and q' = ^q'o(-f^' + •^-^")|s=o" "^PP^^^^S 
i L=o to + sK") = 2^I;o,2(go(i^' + ^i^"); K' + sK") yields 



2^^wo,2{QoiK' + sK");K')\^^^ + 2^wo,2{qo{K');K' + sK" 
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s=0 



As, for fixed j, wo^2{K'; q) is analytic in Q and K' and as ejH-fC'lli^E^.+i has only finitely many 
finite coefficients, there is some finite (3 such that 



|q1i,e </5e,-||K"||i,E 



Choose a 13 that is within ^"i 5 of the infimum of all /?'s that work. By Lemma B.2, with 



-M^||K'||i,s,.+i 



\K"h, 



< 'i/5 + 2$ile,l|i^"l|i,E,^. 



if a is large enough. Thus \q'\i j^. < P' tj\\K"\\i^-£.^^ with P' 
then 



+ If/3>4^, 



which violates the requirement that (3 that is within 5 of the infimum of all /9's that work. 



Hence 



(B.15) 



Proof of Lemma IX.8: (i) By (B.14), (B.15) and Lemma XIIL7 of [FKTo3], 

^ — *c,+i|9o(i^')li,E, < const ^e,- < ^^Cj 



and 



< const ^^e,-||K"||i,i:. 



il — U 



< 



a M-3 



e.l|i^"lli,E 



(ii) By Proposition E.lO.u of [FKTo4] and part (i), 



< con.t^i^C,_i||K'||i,^^.^, + ||5K(K')||l,E, 



< constj^Cj_i||is:'||i,s,+i + ^Wej 
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<II^E,lli,i:, + ||i5i^(i^' + .i^")L=olli,E, 

< const M^c,_i||K"||i,i:,^, + ^ e,-(||i.'||,,..^J||iC"||i,E 

< const M^e,(||K'||i,s,+J||i^"||l,E, + i 

(iii) is contained in Lemma B.l.ii. 



71 



References 



[FKTfl] J. Feldman, H. Knorrer, E. Trubowitz, A Two Dimensional Fermi Liquid, Part 
1: Overview, preprint. 

[FKTfS] J. Feldman, H. Knorrer, E. Trubowitz, A Two Dimensional Fermi Liquid, Part 
3: The Fermi Surface, preprint. 

[FKTl] J. Feldman, H. Knorrer, E. Trubowitz, Particle—Hole Ladders, preprint. 

[FKTol] J. Feldman, H. Knorrer, E. Trubowitz, Single Scale Analysis of Many Fermion 
Systems, Part 1: Insulators, preprint. 

[FKTo2] J. Feldman, H. Knorrer, E. Trubowitz, Single Scale Analysis of Many Fermion 
Systems, Part 2: The First Scale, preprint. 

[FKTo3] J. Feldman, H. Knorrer, E. Trubowitz, Single Scale Analysis of Many Fermion 
Systems, Part 3: Sectorized Norms, preprint. 

[FKTo4] J. Feldman, H. Knorrer, E. Trubowitz, Single Scale Analysis of Many Fermion 
Systems, Part 4: Sector Counting, preprint. 

[FKTrl] J. Feldman, H. Knorrer, E. Trubowitz, Convergence of Perturbation Expan- 
sions in Fermionic Models, Part 1: Nonperturbative Bounds, preprint. 

[FMRT] J. Feldman, J. Magnen, V. Rivasseau and E. Trubowitz, Fermionic Many-Body 
Models, in Mathematical Quantum Theory I: Field Theory and Many-Body Theory, 
J. Feldman, R. Froese and L. Rosen eds, CRM Proceedings & Lecture Notes 7, 29-56 
(1994). 

[FW] A.L. Fetter and J.D. Walecka, Quantum Theory of Many-Particle Systems, McGraw- 
Hill, 1971. 



72 



Notation 



Norms 



Norm 


Characteristics 


Reference 


III ' lllljOO 


no derivatives, external positions, acts on functions 


Definition V.3 


II ' lll,oo 


derivatives, external positions, acts on functions 


Definition V.3 


III ' III 


no derivatives, external positions, acts on functions 


Definition VI.7 


1 ■ lp,E 


derivatives, external positions, all but p sectors summed 


Definition VI. 6 


III ■ llli,s 


no derivatives, all but 1 sector summed 


(11.6) 




no derivatives, all but 3 sectors summed 


(11.14) 


II • 


like 1 ■ ^, but for functions on (IR^ x E)^ 


[Def 'n E.3, FKTo4] 




\m^\v\i,i:j if m 


Definition VI. 6 


Nj{w,a,X) 




Definition VI.7 


N{Q) 




Definition VI.7 



Spaces 



Not'n 


Description 


Reference 


E 


counterterm space 


Definition I.l 


M.j 


space of future counterterms for scale j 


Definition VI.9 


B 


IR X IR*^ X {t, 1} X {0, 1} viewed as position space 


before Def VII. 1 


B 


IR X IR*^ X {t,i} x {0,1} viewed as momentum space 


beginning of §VI 


Bl 


IR X JR^ X {t, 1} viewed as position space 


Definition VII.3 


J^min; E) 


functions on B"^ x (;B x S)"^, internal momenta in sectors 


Definition VI.3.n 


in 


formal input data for scale j 


Definition III.8 




formal output data for scale j 


Definition III.9 


in 


input data for scale j 


Definition IX. 1 




output data for scale j 


Definition IX.2 



73 



Other Notation 



Not'n 


Description 


Reference 




number of ko derivatives tracked 


following (1.3) 


r 


number of k derivatives tracked 


following (1.3) 


M 


scale parameter, M > 1 


before Definition 1.2 


const 


generic constant, independent of scale 




const 


generic constant, independent of scale and M 






j*^ scale function 


Definition 1.2 






Definition 1.2 


no 


degree of asymmetry 


Definition 1. 10 


J 


particle/hole swap operator 


(III.3) 


Os(>V)((/>,V) 


log^/eW('^''^+^)d/xs(C) 


Definition III.l 


Oc(>V)((/>» 




Definition III.l 






following Definition VI. 3 


Ao 


maximum allowed "coupling constant" 


Theorem VIII.5 


V 


< V < ^, power of Aq eaten by bounds 


Definition V.6 




^-{l-v) max{m+n-2,2}/2 


Definition V.6 


Pm;n 


Pm;n (Ao){l if m = ; ^ljM3 if m > 


Definition VI.G.ii 




= = length of sectors of scale j 


following Definition VI. 3 




the sectorization at scale j of length Ij 


following Definition VI. 3 


B 


j-independent constant 


Definition VI.7 




— l*l<'- -IVl I \i\>r OOl t "l-d+l 

|(5ol<T-o or \SQ\>rQ 

~ 1-MiX 


uennition v .z 




Definition V.2 


/ext 


extends /(x, x') to /ext {(xq, x, a, a), (x'q, x', a', a')) 


[Definition E.l, FKTo4] 


* 


convolution 


Definition VIII.6 


• 


ladder convolution 


Definition VII.2, 




Fourier t ran sforiii 


Notation V.l 
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